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TOPOLOGICAL T-DUALITY, AUTOMORPHISMS AND
CLASSIFYING SPACES
ASHWIN S. PANDE
Abstract. We extend the formalism of Topological T-duality to
spaces which are the total space of a principal S1-bundle p : E →
W with an H-flux in H3(E,Z) together the together with an au-
tomorphism of the continuous-trace algebra on E determined by
H . The automorphism is a ‘topological approximation’ to a gerby
gauge transformation of spacetime. We motivate this physically
from Buscher’s Rules for T-duality. Using the Equivariant Brauer
Group, we connect this problem to the C∗-algebraic formalism of
Topological T-duality of Mathai and Rosenberg [1].
We show that the study of this problem leads to the study
of a purely topological problem, namely, Topological T-duality of
triples (p, b,H) consisting of isomorphism classes of a principal cir-
cle bundle p : X → B and classes b ∈ H2(X,Z) and H ∈ H3(X,Z).
We construct a classifying space R3,2 for triples in a manner simi-
lar to the work of Bunke and Schick [2]. We characterize R3,2 up
to homotopy and study some of its properties. We show that it
possesses a natural self-map which induces T-duality for triples.
We study some properties of this map.
1. Introduction
Topological T-duality is an attempt to study the T-duality symmetry
of Type II String Theory [3] using methods from Noncommutative and
Algebraic Topology [1, 2, 4, 5]. In the simplest case, T-duality states
that Type II A string theory on a certain background is equivalent to
Type II B string theory on another background, that is, acting on the
original string theory by a canonical transformation (termed T-duality)
transforms that theory into the dual one1. For this to be possible, the
background spacetime must carry a torus action (which need not be
free). In this paper we only consider backgrounds which are principal
circle bundles.
Both Type IIA and Type IIB String Theory backgrounds possess
three massless bosonic fields: A graviton (associated to the metric),
Date: September 24, 2018.
1See Ref. [3] item (6) on page (4) and Sec. (7) for a proof.
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an H-flux (associated to the Kalb-Ramond field B, H = dB) and a
dilaton. As is well known [6], the H-flux is a closed integral three-form
which is the gerbe curvature of a gerbe with connection form B on that
background. (The word ‘gerbe’ is used in the sense of Ref. [6].) It is a
remarkable fact that the Topology and H-flux of the T-dual spacetime
depend only on the Topology and H-flux of the original spacetime 2.
This phenomenon is called Topological T-duality.
Let Xm be a m-dimensional manifold which is a principal circle bun-
dle over a base W . Let Xm× Y 10−m be the manifold which is a model
for the spacetime background. Suppose that there is a type II String
Theory on this spacetime background. We perform a T-duality along
the circle orbits in Xm. Topological T-duality (see Refs. [1, 2, 4, 5])
claims that the underlying topological space of the physical T-dual
background is (Xm)# × Y 10−m : Here, (Xm)# is the Topological T-
dual of the underlying topological space of Xm.
Consider a spacetime with a H-flux of strength H. We model the
spacetime by a manifold X which is the total space of a principal circle
bundle p : X → W and the H-flux by a gerbe with connection on X
whose gerbe curvature form isH. Let Vα be an open cover ofW = X/S
1
and Uα be the lift of the cover to X.
For the convenience of the reader, we give the definition of a gerbe
and gerbe connection here. We follow the treatment in Minasian, Ref.
[6], Sec. (2.2) here3. Let X and {Uα} be as above. For any α1, . . . , αn,
let Uα1...αn = Uα1 ∩ · · · ∩ Uαn .
Def 1.1. A gerbe on X is defined by the following data:
(1) A line bundle Lαβ on each two-fold intersection Uαβ .
(2) An isomorphism Lαβ ≃ Lβα.
(3) A smooth nowhere-zero section fαβγ : Xαβγ → C
∗ of the line
bundle Lαβ ⊗ Lβγ ⊗ Lγα on each three-fold intersection Uαβγ .
(4) fαβγ satisfies the cocycle condition (δf)αβγδ = fαβγf
−1
βγδfγδαf
−1
δαβ =
1 on each four-fold intersection Uαβγδ.
We now define a gerbe with connection also following Minasian:
Def 1.2. A gerbe with connection on X is a gerbe on X together with a
connection Aαβ on the line bundle Lαβ in each Uαβ such that the section
fαβγ is covariantly constant with respect to the induced connection on
Lαβ ⊗ Lβγ ⊗ Lγα :
Aαβ + Aβγ + Aγα =
1
2πi
f−1αβγdfαβγ,
2See Ref. [1, 2, 4, 5] for a variety of approaches.
3See also the treatment in Chatterjee Ref. [14]
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and a two-form (the gerbe connection) Bα ∈ Ω
2(Uα) such that Bα −
Bβ = dAαβ on Uαβ.
It is clear that dBα = dBβ and hence the forms dBα glue into a
global three-form H termed the gerbe curvature. Physically, it models
the field strength of the B-field. This three-form is integral and defines
a characteristic class [H ] in de Rham cohomology.
We now define the notion of a gauge transformation and large gauge
transformation of a gerbe. We follow Ref. [14] for the definition of a
gauge transformation of a gerbe ( see Ref. [14]: A 1-gauge transforma-
tion4 there is termed a gauge transformation here. A 0-gauge trans-
formation5 there would be a family of automorphisms of each of the
Lαβ, that is it would correspond to performing an independent gauge
transformation on each of the Lαβ ) and Ref. [15] for the definition of
a large gauge transformation of the B-field ( see Ref. [15], pg. (11)
before Eq. (2.17)):
Def 1.3. Let X and {Uα} be as above. Let Uα 7→ Gα be an assignment
of one-forms to the open sets in the chart on X. A gauge transformation
of the gerbe on X is the following transformation of the B-field and its
gauge field:
• Aαβ 7→ Aαβ + (Gα|Uαβ −Gβ|Uαβ),
• Bα 7→ Bα + dGα.
In Ref. [15] the authors point out6, that for a l-form field strength
with (l− 1)-form potential A, gauge transformations of the form A→
A+ω with [ω] nontrivial are termed ‘large’ gauge transformations. For
the B-field in Type II string theories, l = 3 (see item no. (5) after Eq.
(2.21) on page 13 of Ref. [15]).
Hence for large gauge transformations, dGα = ω|Uα, with ω a closed
two-form on X. Among these, there are gauge transformations for
which ω = F, with F a closed integral two-form on X. These trans-
formations are special for a geometric reason: It is possible to tensor
a gerbe with a line bundle L : One sends Lαβ 7→ L|Uαβ ⊗ Lαβ , Aαβ 7→
A|Uαβ + Aαβ , Bα 7→ B + F |Uα where A, F are the connection and cur-
vature forms of the connection on L. (See Ref. [6] after Eq. (2.10).) It
is these special gauge transformations that we consider in this paper.
Such a gauge transformation cannot be homotoped to zero without
changing its cohomology class and is termed a large gauge transforma-
tion. These special transformations generate the gauge group.
4See Ref. [14], Def. (2.2.5).
5See Ref. [14], Def. (2.1.5).
6See pg. (11) before Eq. (2.17).
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Consider a gerbe with connection on X with gerbe curvature form H
which is equivariant under the S1-action on X : That is, for every t ∈
S1, pulling the gerbe connection back by the S1-action map φt : X → X
causes the gerbe connection to undergo a gauge transformation. Note
that in this case the characteristic class [H ] ∈ H3(X,Z) of the gerbe
curvature form H is invariant under pullback by φt for every t ∈ S
1,
i.e., for every t ∈ S1, [φ∗tH ] = [H ]. (See Ref. [6], before Eq. (2.3).)
In this paper we study large gauge transformations of the gerbe which
are equivariant under the circle action on X : We had noted above
that a large gauge transformation naturally gives rise to a closed inte-
gral two-form F on X. Locally these transformations are of the form
Bα → Bα + F |Uα where F is the curvature of a line bundle L natu-
rally associated to the large gauge transformation as described above.
Such a gauge transformation has as a characteristic class the integral
cohomology class of F , namely [F ] ∈ H2(X,Z). We require that L be
equivariant under the circle action on X : That is, we require that the
circle action φt on X acts on L by bundle automorphisms such that
its curvature remains invariant under pullback by φt, φ
∗
t (F ) = F. It is
clear that (see Ref. [6] Appendix C for a treatment of equivariant line
bundles on a principal bundle in another context) the Lie derivative of
F with respect to the circle action vanishes.
We now argue that for a smooth gerbe T-duality also T-dualizes
gerbe automorphisms. We use the description of T-duality in Type II
string theory using the theory of smooth gerbes given in the paper by
Minasian (see Ref. [6]). After this, we will abstract this argument into
a purely topological conjecture for automorphisms of gerbes on spaces
and make a connection with the C∗-algebraic formalism of Topological
T-duality.
Only for the purposes of this calculation, we use a different notation
to conform with the notation of Ref. [6]. The notation will revert
back to the previous notation as soon as this calculation is over. We
let π : X → W be a smooth principal circle bundle over a smooth
base manifold W. (See Ref. [6], Sec. (2.1), note that n = 1 in this
paper, and M = W.). On X we assume given a metric and a B-field.
Let {Uα} be a cover of W which we lift to a cover on X. We choose
coordinates (θ, xα) locally on the cover {Uα} where θ is the coordinate
along the circle direction. Greek subscripts on tensors now refer to the
xα. (Hence, the connection form on X is Θ = dθ + Aαdx
α.)
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Let π˜ : X# → W be the T-dual bundle. We write the metric and
B-field on X in Kaluza-Klein form as
ds2 = G00(dθ + Aαdx
α)2 + gαβdx
αdxβ
B = (dθ + Aα) ∧Bβdx
β +Bαβdx
α ∧ dxβ.
Here, Bα and Bαβ are horizontal two-forms.
If we denote T-dual quantities by tilde superscripts, Buscher’s rules
take the form
G˜00 = 1/G00,
A˜α = Bα , B˜α = Aα,
g˜αβ = gαβ , B˜αβ = Bαβ ,
Φ˜ = Φ−
1
2
ln(G00).
(For example, see Ref. [7], Ex. (6.12).)
Let Θ denote the connection form on the bundle X and Θ˜ the con-
nection form on the T-dual bundle. From the above
Θ = dθ + Aαdx
α
Θ˜ = dθ˜ +Bαdx
α
where we have used Buscher’s Rules above. Now, suppose B → B+F
on X where dF = 0 and F is integral. We may write F = Θ∧F1 + F2
where Fi are horizontal forms on X . The T-dual B-field and metric
will now be
ds2 = G00(dθ˜ +Bαdx
α + F1αdx
α)2 + gαβdx
αdxβ
B˜ = (dθ˜ +Bαdx
α + F1αdx
α) ∧ Aβdx
β +
Bαβdx
α ∧ dxβ + F2αβdx
α ∧ dxβ.
It is easy to see that since dF = 0, dF1 = 0 and, on the T-dual the
form dF1 is zero as well. However F2 is not a closed form in general.
It can be seen directly from the definition that F1 = p!(F ), and so,
since F is integral, F1 is integral as well.
Since dF1 = 0, a coordinate transformation of X
# should be able to
remove the term (dθ˜ + F1αdx
α) at least locally. Locally, such a trans-
formation would only rotate the circle fiber of X#. The topological
nontriviality of F1 (the fact that it is integral) implies that this trans-
formation would act in a topologically nontrivial manner on the total
space of the bundle. Further, since the gerbe connection on X and on
the T-dual are both equivariant under the circle action, making such a
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coordinate transformation would cause the T-dual B-field to undergo
a gauge transformation.
This can be seen directly as follows: It is clear that this coordinate
transformation would be a bundle automorphism (denoted φ) of π˜ :
X# →W and so π˜ ◦φ = π˜. Recall that B˜α− B˜β = dA˜αβ by definition.
We have that
φ∗B˜α − φ
∗B˜β = φ
∗(dA˜αβ) = dφ
∗A˜αβ .
However, by equivariance7
A˜αβ = q
∗a˜αβ + h˜αβΘ
#
where a˜αβ , h˜αβ are horizontal one and zero forms on X
#. (See Ref. [6],
Eq. (2.14, 2.21) and Cor. (2.1).) Remember that for a circle bundle,
mαβ = 0 so h˜αβ are actually the transition functions of the T-dual
bundle X# →W.)
Therefore,
φ∗B˜α − φ
∗B˜β = φ
∗A˜αβ = φ
∗a˜αβ + φ
∗h˜αβΘ
#.
(Here φ∗Θ# = Θ# since φ is a bundle automorphism.) If the bundle
transformation φ was topologically nontrivial, φ∗ would act nontrivially
on the transition functions h˜αβ . As a result, φ
∗B˜α transforms nontriv-
ially on changing charts.
The fact that F is topologically nontrivial implies that the T-dual
B-field has undergone a large gauge transformation.
As we had said earlier, a large gauge transformation of a gerbe has
a characteristic class in H2(X,Z). We may pick a large gauge trans-
formation and ask for the characteristic class of the gerbe gauge trans-
formation on the T-dual.
From now on, X will refer only to a CW -complex which is a model
for a spacetime background.
Thus, it is natural to ask the following: Given a class in H2(X,Z)
does Topological T-duality naturally give a class in H2(X#,Z)? We
argued above that this phenomenon occurs for smooth gerbes. We
will prove in this paper that it occurs in the C∗-algebraic formalism
of Topological T-duality of Mathai and Rosenberg [1] and also in the
classifying space formalism of Bunke and coworkers [2]. We will also
attempt to obtain some information about the T-dual class.
Ref. [1] suggests that given a spacetime with H-flux which also has
a free S1-action, one should attempt to construct an exterior equiva-
lence class of C∗-dynamical systems. In the associated C∗-dynamical
7See Ref. [6], Eq. (2.14).
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system, the continuous-trace algebra together with its associated R-
action should be viewed as a ‘topological approximation’ to the smooth
gerbe on spacetime together with a circle action on it. In Ref. [8] such
a C∗-dynamical system was naturally constructed from the data of a
smooth gerbe with connection on X in a large variety of examples.
Further, Ref. [1] demonstrated that the effect of the T-duality trans-
formation on spacetime topology was given by the crossed product[9]
construction in C∗-algebra theory in all the examples examined: The
topological space underlying the T-dual spacetime was always the spec-
trum of the crossed-product algebra A⋊
α
R. Based on this, Ref. [1] ar-
gued that it was natural to associate to the T-dual the C∗-dynamical
system (A⋊
α
R, Rˆ, α#).
We may use the definition of Ref. [1] and take as a model for a
spacetime X with H-flux, a continuous-trace algebra A with spectrum
X together with a lift α of the S1-action on X to a R-action on A
[10]. For simplicity, we restrict ourselves to S1-actions which have no
fixed points. Let K denote the compact operators on a fixed seperable
infinite dimensional Hilbert space. Since the circle action has no fixed
points, the spacetime X is a principal circle bundle p : X → W. Let
A = CT (X, δ), δ ∈ H3(X,Z). It can be shown that a lift α of the
S1-action on X to a R-action on A exists and is unique up to exterior
equivalence. (See Ref. [12] Lemma (7.5) for a proof.)
We may model a large gauge transformation of the gerbe on space-
time by a locally unitary automorphism φ : A → A of the associated
continuous-trace algebra A. It is well known that such automorphisms
are determined up to exterior equivalence as automorphisms by their
Phillips-Raeburn obstruction [13] in H2(X,Z).
There is a natural way to construct such a φ from the data above:
We noted above that a large gauge transformation of a gerbe on X was
naturally associated to a line bundle L on X. By a theorem of Phillips
and Raeburn since X = Aˆ and we have a locally trivial principal circle
bundle (the circle bundle P → X associated to the line bundle L→ X
), we can naturally obtain a locally unitary automorphism group α :
Z→ A such that the principal bundle p : (A⋊
α
Z)∧ → X is isomorphic
to P . (See Ref. [13], Thm. (3.8), and let G = S1, and take φ to be the
generator of the group Gˆ = Z.) We may take φ to be the generator of
the Z-action α. From the proof of the above theorem, it is clear that the
characteristic class of L (which is the characteristic class of the large
gauge transformation) will be the Phillips-Raeburn obstruction of the
automorphism φ. However, such an automorphism will not commute
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with the R-action on A. In general, finding such an automorphism is
not a trivial matter.
In the case when X has an S1-action which lifts to a R-action on
A, the Phillips-Raeburn invariant does not take the commutation of
the automorphism with the R-action into account. We introduce a
treatment based on the Equivariant Brauer Group in Sec. 2 below which
fixes this problem.
See Ref. [16], Sec. (2.3) for an example of what would be needed to
make such an automorphism commute with the lift of the translation
action on X : If we take G = R there, the proof shows a way to obtain a
R-action on (A⋊
α
Z)∧ making the latter into a R-equivariant S1-bundle
over Aˆ.
In this paper we adopt a different approach to this problem by an
argument involving the Equivariant Brauer group.
Recall that given a S1-action ψ on X, there exists a lift of ψ to a
R-action α on A which is unique up to exterior equivalence such that
α induces the action ψ on X = Aˆ (See Ref. [12], Lemma (7.5) for a
proof.) If such a lift has been done, we may then ask if a given class in
H2(X,Z) lifts to a unique automorphism of A which commutes with
the R-action on A. It is possible to prove that a lift exists. However,
the lift will in general be non-unique. The following lemma is a slight
generalization of Thm. (3.1) of Ref. [17]:
Lemma 1.1. Let X be a principal bundle p : X → W. Let A =
CT (X, δ) for any δ ∈ H3(X,Z). Let αt be a lift of the S
1-action on X
to an R-action on A.
(1) Let [λ] ∈ H2(X,Z). Then, there is a R-action β on A exterior
equivalent to α and a spectrum-fixing Z-action λ on A which has
Phillips-Raeburn obstruction [λ] such that β and λ commute.
(2) With the notation above, the action λ induces a Z-action λ˜ on
A⋊
α
R. The induced action on the crossed product is locally uni-
tary on the spectrum of the crossed product and is thus spectrum
fixing.
Proof. The proof of Thm. (3.1) of Ref. [17] only uses the fact that A is
a continuous-trace algebra. (See Ref. [17] and references therein.) The
fact that A is C0(X,K) is not used anywhere in that theorem. Thus it
applies even when the Dixmier-Douady invariant is nonzero. 
As a model for a gauge transformation of the gerbe associated to
A we take a spectrum-fixing C∗-algebra automorphism φ on A which
commutes with α. We consider the C∗-dynamical system (A, α×φ,R×
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Z). The C∗-algebra automorphism φ then defines an automorphism ψ of
the crossed-product algebra. (See Ref. [17] and Lemma (1.1) above.)
What is the Phillips-Raeburn obstruction of this automorphism? In
this paper we obtain a solution to this problem using a classifying
space argument. (See Thm. (6.3), Part (2).)
Thus, given any class [λ] ∈ H2(X ;Z), there exists a (not necessarily
unique) action α of R onA inducing the given action of S1 = R/Z onW
and a commuting action λ of Z on A with Phillips-Raeburn obstruction
[λ]. Also λ passes to a locally unitary action on E ≃ A ⋊
α
R. The ac-
tions α and λ are (individually) unique up to exterior equivalence, but
unfortunately the pair (α, λ), as an action of R× Z, is not necessarily
unique as a C∗-dynamical system, so this construction is not entirely
canonical. However, this non-uniqueness does not change the Phillips-
Raeburn invariant of the T-dual automorphism. Thus the question
asked above in the paragraph after Lemma (1.1) is well-defined.
In Section (2), we introduce a point of view based on the equivari-
ant Brauer group, which measures precisely this lack of canonicity de-
scribed above. We show that there is a natural8 map, TR, which sends
a C∗-dynamical system (A,R×Z, α× φ) to a dual9 dynamical system
(A⋊
α
R,R×Z, α#× φ#). To a C∗-dynamical system (A,R×Z, α× φ)
we asssociate a triple
(Aˆ, Phillips-Raeburn invariant of φ, Dixmier-Douady
invariant of A).
We argue that there is a well-defined map of triples, T3,2, which sends
a triple
(principal bundle p : X → B, b ∈ H2(X,Z), δ ∈ H3(X,Z))
to another such triple which commutes with the map TR described
above.
We then attempt to give an answer to the question raised in the para-
graph after Lemma (1.1) above. In Sections (3-6) we extend the for-
malism of Topological T-duality to triples of the type described above.
We prove the existence of the map T3,2. Then we study some natu-
ral properties of the map T3,2. and show that owing to the topological
properties of this map, when the Dixmier-Douady invariant of A is
fixed, there is a partition of H2(X,Z) and H2(X#,Z) into cosets such
that the T-dual of an automorphism with Phillips-Raeburn invariant
8This does not contradict the statement in the previous paragraph, as there we
were trying to lift a class in H2(X,Z) to such a dynamical system.
9We are using a different definition of dual dynamical system from Schneider’s
work, [18], see the last part of Sec. (2).
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in a given coset is an automorphism with Phillips-Raeburn invariant
in another coset. This is enough to answer the question posed in the
paragraph after Lemma (1.1) for several spaces.
2. A model for the H-flux
Let X be a manifold which is a model for a spacetime with H-
flux H as in Sec. (1) and suppose X is the total space of a circle
bundle with X/S1 ≃ W. Let Vα be an open cover of W and let Uα
be the lift of the Vα to an open cover of X. Then, the H-flux is the
curvature of a smooth S1-equivariant gerbe on X and H = dBα locally,
where Bα is the gerbe connection form in Uα. As discussed in Sec. (1),
changes in the B-field keeping H fixed correspond to acting on the
gerbe on spacetime with a gerbe gauge transformation. The gauge
group of the gerbe is generated by the group of line bundles on X
with connection. ( See Ref. [6], Sec. (2) for example.) That is, if
p : L → X is a line bundle with curvature two-form F, then, under
such a gauge transformation, on each patch Uα we have B
′
α = Bα+Fα
where Fα = F |Uα. That is, H = dBα locally, and after such a gauge
transformation, H = dB′α with d(Bα − B
′
α) = dFα = dF |Uα = 0 that
is, for such gauge transformations, (Bα − B
′
α) is closed. Note that F
is integral and hence so is Fα. Therefore, so is (Bα − B
′
α). Since X
possesses a S1-action (it is the total space of a principal circle bundle
with W = X/S1), we require L to be S1-equivariant.
As explained in the previous section, in the C∗-algebraic theory of
Topological T-duality, the gerbe on spacetime is replaced by a ‘topo-
logical approximation’, a continuous-trace algebra A with spectrum
X and Dixmier-Douady invariant equal to H. It is well known that
spectrum-preserving automorphisms of A define a cohomology class
(the Phillips-Raeburn invariant) in H2(X,Z). (See Ref. [13], also, see
Ref. [19], Lemma (4.4).)
As described in Sec. (1) above, a gerbe gauge transformation of the
type described above naturally defines an automorphism φ of the asso-
ciated continuous-trace algebra with the Phillips-Raeburn class of the
automorphism equal to the characteristic class of the line bundle L
above: See Ref. [13] Thm. (3.8), take E to be the circle bundle asso-
ciated to L, G = S1 and the automorphism φ to be the generator of
the group Gˆ = Z. To study arbitrary changes in the B-field, that is, to
study a general gerbe gauge transformation would probably require the
introduction of a smooth structure and would be difficult to do in the
C∗-algebraic picture of Topological T-duality. However, the theory of
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integral changes of the B-field is still quite interesting mathematically,
as the following sections show.
The above automorphism φ of A gives a Z-action on A. However, A
possesses a R-action already which is a lift of the S1-action on X to
A. Now, the gerbe automorphism is equivariant under the S1-action
on X, hence, L → X is an equivariant line bundle. Therefore, we
require that φ commute with the R-action on A. It is natural to ask if
we obtain a Z × R-action on A. The action obtained will, in general,
depend on the exterior equivalence classes of the R-action on A and
the Z-action induced by the automorphism φ. The exterior equivalence
class of φ is arbitrary, since we obtained φ by lifting the characteristic
class of L to an spectrum-preserving automorphism of A. Hence, we
need not obtain a unique Z × R-action on A. However, this will not
affect anything as the following shows.
It will be useful to recall the notion of the Equivariant Brauer Group10:
Let X be a second countable, locally compact, Hausdorff topological
space and let G be a second countable, locally compact, Hausdorff
topological group acting on X . Following Ref. [19], let BrG(X) de-
note the class of pairs (A, α) consisting of continuous-trace algebras
A on X = Aˆ together with a lift α of the G-action on X to A. We
say that the dynamical sytem (A, α) is equivalent to (B, β) if there is
a Morita equivalence bimodule AMB together with a strongly contin-
uous G-action by linear transformations φs on M such that for every
s ∈ G, αs(〈x, y〉A) = 〈φs(x), φs(y)〉A, and βs(〈x, y〉B) = 〈φs(x), φs(y)〉B.
(Recall, the image of the inner product 〈, 〉A : M ×M → A is dense
in A and similarly for 〈, 〉B.) It is shown in Ref. [19] that this is an
equivalence relation and that the quotient is a group. This group is
termed the Equivariant Brauer Group BrG(X) of X . The group op-
eration is the C0(X)-tensor product of continuous-trace algebras and
group actions.
The Equivariant Brauer Group is actually a special case of the Brauer
group of a groupoid applied to the transformation groupoid G×X. It
is shown in Ref. [20] that the Brauer group of a groupoid is isomorphic
to a groupoid cohomology group. Hence the Equivariant Brauer Group
is actually an abelian-group-valued functor contravariant in G and in
X.
Let X be a space with a S1-action ψ. Suppose A was a continuous-
trace C∗-algebra with spectrumX which possessed an R-action α which
induced the action ψ on X = Aˆ. Suppose we had a lift of a class in
10We use Ref. [19] here.
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H2(X,Z) to a spectrum-preserving automorphism of A which com-
muted with this R-action on X. We would obtain a R×Z-action on A
and hence an element of BrR×Z(X). By Lemma (1.1) above, there is
an induced Z-action on A⋊
α
R. Now, the lift of a class in H2(X,Z) to
a R×Z-action on A need not be unique. Hence, the induced action on
the crossed product is not unique. However,we really only care about
the restriction of this action to the Z-factor up to exterior equivalence,
that is we wish to determine the Phillips-Raeburn invariant of the in-
duced Z-action on the crossed product C∗-algebra. We outline a way
to approach this problem in this Section. In order to quantify this lack
of uniqueness we now study BrR×Z(X) in more detail.
In Ref. [19], the authors show (see Ref. [19], Thm. (5.1)) that there
is a natural map ξ : H2M(R × Z, C(X,T)) → BrR×Z(X), where H
2
M is
the Moore cohomology group mentioned in Ref. [19]. It is really only
the class of the above R × Z-action in BrR×Z(X)/ im(ξ) that we need
to determine the Phillips-Raeburn invariant of the induced Z-action
on the crossed product C∗-algebra. We compute this group in Lemma
(2.1) below.
Note that elements of BrR×Z(X) would consist of a Morita equiva-
lence bimodule between R×Z-dynamical systems and an R-equivariant
automorphism of the module compatible with the Z×R-action on the
dynamical systems. Thus, by studying BrR×Z(X) we are simply adding
more structure to BrR(X).
We conjecture that elements of this group are a good model for
spacetimes with a possibly nonzero B-field. Given a dynamical system
(A, α× φ,R× Z) in BrR×Z(X), we may forget the Z-action to obtain
a R-dynamical system and we may forget the R-action to obtain a Z-
dynamical system. Hence we obtain forgetful maps F1 : BrR×Z(X) →
BrZ(X) and F : BrR×Z(X)→ BrR(X). We formalize the above discus-
sion in the following
Def 2.1. Let X be a locally compact, finite dimensional CW-complex
homotopy equivalent to a finite CW-complex. Let X also be a free S1-
space with W = X/S1, so that we have a principal S1-bundle p : X →
W. An element11 y = [A, α × φ] of BrR×Z(X) is now defined to be a
model for a space with nonzero H-flux or zero H-flux and a nonzero
integral B-field. The H-flux H is12 H = F (y) = [A]. If H = 0, the
11Here α is a lift of the S1-action onX to a R-action onA, while φ is a commuting
spectrum-fixing Z-action on A.
12Recall that the forgetful map BrR(X)→ Br(X) ≃ H
3(X,Z) is an isomorphism
[19].
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B-field is the unique class13 in H2(X,Z) which determines F1(y). This
class is equal to the Phillips-Raeburn class of φ.
By Ref. [19], there is a natural filtration of BrR×Z(X) given by
0 < B1 < ker(F ) < BrR×Z(X), where B1 is the quotient H
2
M(R ×
Z, C(X,T))/ im(d
′′
2). We argue below that each step in this filtration
corresponds to one of the gauge fields in the problem.
We need the following characterization of the groups and maps in
the above filtration. (Note that B1 = ker(η) is determined in Lemma
(2.1) below).
Theorem 2.1. Let p : X →W be as above.
(1) We have a split short exact sequence
0→ ker(F )→ BrR×Z(X)
F
→ Br(X) ∼= H3(X,Z)→ 0
where F : BrR×Z(X)→ Br(X) is the forgetful map.
(2) We have a surjective map η : ker(F )→ H2(X,Z).
(3) We have a natural isomorphism H1M(R, C(X,T)0) ≃ C(W,R).
(4) The group H2M(R×Z, C(X,T)) is connected and there is a nat-
ural surjective map q : H2M(R× Z, C(X,T))→ C(W,T)0.
Proof. (1) We have a forgetful homomorphism F1 : BrR×Z(X) →
BrR(X), where F1 : [A, α× φ]→ [A, α]. This map is obviously
surjective, since we have a section s : [A, α]→ [A, α× id].
Since BrR(X) = H
3(X,Z) (by Sec. (6.1) of Ref. [19]), the
kernel of F1 consists of Morita equivalence classes of dynamical
systems [A, α×φ] such that δ(A) = 0. Thus, it actually consists
of the group ker(F ), where F : BrR×Z(X)→ Br(X) is the map
forgetting the group action.
(2) By Thm. (5.1) of Ref. [19], we have a homomorphism η : ker(F )→
H1M(R×Z, H
2(X,Z)). Now, by Thm. (4.2) of Ref. [1], we have
that H1M(R×Z,M) ≃ H
1(B(R×Z),M) for any discrete R×Z
module M . Also, B(R × Z) ≃ S1, so H1M(R× Z, H
2(X,Z)) ≃
H2(X,Z).
By Thm. (5.1) item (2) of [19], the image of η has range which
is all of H2(X,Z) since H3M(R × Z, C(X,S
1)) = 0 by Thm.
(3.1) of Ref. [17]. Hence we have a surjective homomorphism
η : ker(F )→ H2(X,Z).
(3) We have the following short exact sequence of R-modules
0→ H0(X,Z)→ C(X,R)→ C(X,T)0 → 0
13Note that BrZ(X) ≃ H
3(X,Z)⊕H2(X,Z).
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From the associated long exact sequence for H∗M , we find that
H iM(R, H
0(X,Z)) ≃ 0, i = 1, 2 by Cor. (4.3) of Ref. [1]; hence
H1M(R, C(X,T)0) ≃ H
1
M(R, C(X,R)). By Thms. (4.5,4.6,4.7)
of Ref. [1],H1M(R, C(X,R)) ≃ H
1
Lie(R, C(X,R)∞). Here C(X,R)∞
are the C∞-vectors for the R-action on C(X,R) and so are the
functions which are smooth along the S1-orbits.
The complex computing the Lie algebra cohomology of R
shows that this group is exactly the functions in C(X,R)∞ mod-
ulo derivatives of functions in C(X,R)∞ by the generator of the
R-action.
This group is isomorphic to C(W,R) via the ‘averaging’ map
f →
∫
S1
φt ◦ fdt where φt ◦ f is f shifted by the S
1-action on
X.
(4) We use the spectral sequence calculation of Ref. [17], Thm. (3.1)
to note that this group is isomorphic toH1M(R, H
1
M(Z, C(X,T))).
Since Z is discrete and acts trivially onC(X,T), we haveH1M(Z, C(X,T)) ≃
H1(Z, C(X,T)) ≃ C(X,T). Hence we need to calculateH1M(R, C(X,T)).
We have the following short exact sequence of R-modules
0→ C(X,T)0 → C(X,T)→ H
1(X,Z)→ 0
where C(X,T)0 is the connected component of C(X,T) con-
taining the constant maps.
This gives us a long exact sequence
H0M(R, C(X,T))→ H
0
M(R, H
1(X,Z))→ H1M(R, C(X,T)0)→
H1M(R, C(X,T))→ H
1
M(R, H
1(X,Z))→ . . .
(1)
Also, by Cor. (4.3) of Ref. [1], we have thatH1M(R, H
1(X,Z)) ≃
0. Again, by Cor. (4.3) of Ref. [1], we find thatH0M(R, H
1(X,Z)) ≃
H1(X,Z) (since BR is contractible). Also H0M(R, C(X,T)) con-
sists of the R-invariant functions in C(X,T) and hence is nat-
urally isomorphic to C(W,T).
Hence we find an exact sequence
C(W,T)→ H1(X,Z)→ H1M(R, C(X,T)0)→ H
1
M(R, C(X,T))→ 0.
(2)
The map C(W,T) → H1(X,Z) is the composite C(W,T) →
H1(W,Z)
p∗
→ H1(X,Z). Its cokernel is H1(X,Z)/p∗(H1(W,Z))
which is the image of p! : H
1(X,Z) → H0(W,Z) by the Gysin
sequence. (The image can only be 0 or Z if X is connected.)
Using the isomorphism mentioned in the previous item of this
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lemma, we see that we need to find the connecting map im(p!)→
H1M(R, C(X,T)0) ≃ C(W,R). This map sends any class in
H0(W,Z) to a constant Z-valued function on W.
The above exact sequence now becomes
0→ im(p!)→ C(W,R)→ H
1
M(R, C(X,T))→ 0.(3)
So H1M(R, C(X,T)) is isomorphic to the quotient of C(W,R)
by im(p!). It surjects onto the quotient of C(W,R) by all of
H0(W,Z) which is isomorphic to C(W,T)0.

Lemma 2.1. We have a commutative diagram with exact rows and
columns
0y
H2M(R× Z, C(X,T))/ im(d
′′
2)y
0 −−−→ ker(F ) −−−→ BrR×Z(X)
F
−−−→ BrR(X) −−−→ 0
η
y
H2(X,Z)y
0
where d
′′
2 is defined in Ref. [19], Thm. (5.1). The group ker(η) =
H2M(R× Z, C(X,T))/ im(d
′′
2) is isomorphic to a quotient of C(W,R).
Proof. The vertical and horizontal short exact sequences above are of
the form 0→ Bi → Bi+1 → Bi+1/Bi → 0 where the Bi are the groups
in the filtration of BrR×Z(W ) described in the unnumbered Theorem
on page (153) of Ref. [19].
The horizontal short exact sequence is the sequence of part (1)
of Thm. (2.1). The map η is the map of part (2) of Thm. (2.1).
We are interested in the group ker(η). This is the collection of C∗-
dynamical systems of the form (C0(X,K), α) with α inner. (Note
that the Mackey obstruction of α may be nonzero.) By Part (2) of
Thm. (2.1), above, the map η in Thm. (5.1) of Ref. [19] is the map
η : ker(F ) → H2(X,Z) above. By part (3) of Thm. (5.1) in Ref. [19],
we have natural homomorphisms ξ : H2M(R×Z, C(X,T))→ BrR×Z(X),
and d
′′
2 : H
2(X,Z)→ H2M(R× Z, C(X,T)). Also, from that theorem it
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follows that ker(η) is identical to im(ξ) ⊆ BrR×Z(X) and
14 we have the
identifications im(ξ) ≃ H2(R × Z, C(T,T))/ ker(ξ), ker(ξ) = im(d
′′
2).
Hence, it follows that ker(η) = H2M(R× Z, C(X,T))/ im(d
′′
2).
We need to calculate this group. By the previous theorem (in partic-
ular, Eq. (2) above),H2M(R×Z, C(X,T)) is isomorphic toH
1
M(R, C(X,T))
which is isomorphic to C(W,R)/ im(p!). Therefore, B1 should be iso-
morphic to a quotient of C(W,R).
The maps F, η, q were defined in the previous lemma. 
We now make the following dictionary
• y ∈ BrR×Z(X), y not in ker(F ) ⇔ Space X with H 6= 0. Here,
H = F (y).
• Element y ∈ ker(F ) ⊆ BrR×Z, y not in H
2
M(R× Z, C(X,T)) ⇔
Space W with H = 0, B 6= 0. Here, B = η(y).
• y ∈ H2M(R×Z, C(X,T))/ im(d
′′
2) ⊆ BrR×Z(X)⇔ Space X with
H = 0, B = 0, A 6= 0. We obtain an element of C(W,T), how-
ever, this may instead be viewed as a collection of elements in
C(X,R) which are constant on the S1-orbits of X. Any two of
these elements differ by an element of C(X,Z) ≃ H0(X,Z).
This should be compared with the allowed gauge transforma-
tions of the B-field in string theory.
• C0(X,K) with the lift of the R-action and the trivial Z-action
⇔ Space X with H = 0, B = 0, A = 0.
Note that the last item above is exactly the C∗-dynamical system
assigned to a space X with zero H-flux in Ref. [1].
Suppose we had a string background which was a principal bundle
X with X/S1 ≃ W together with a continuous-trace algebra A with
spectrum X satisfying the conditions of Def. (2.1) above. By Def. (2.1)
we would obtain an element y = [A, α×φ,R×Z] in BrR×Z(X) (see Ref.
[19]). We remarked earlier that A should be viewed as a ‘topological
approximation’ to the gerbe on spacetime. If y ∈ BrR×Z(X), we have
[H ] = F (y). Then F−1([H ]) is the coset y ◦ker(F ) and we note that we
may change y by an element x of ker(F ) without changing the H-flux.
That is, by definition of the Brauer group (see Ref. [19] Prop. (3.3)),
corresponding to the element yx ∈ BrR×Z(X), we obtain a new C
∗-
dynamical system
[A, α×ψ]◦ [A, α×φ] ≃ [A⊗C0(X)A, (α×ψ)◦(α×φ)] ≃ [A, α×(ψ◦φ)].
Here, the R-action obtained from the composite dynamical system
[A, (α × (φ ◦ ψ)] is still the lift of the circle action on X, but the
14Note that the translation action on X acts trivially on H2(X,Z) and that the
R× Z-action covers this translation action.
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Phillips-Raeburn invariant of the Z-action has changed, it has shifted
by η(x).
Given the above, if we act on the gerbe on spacetime by a gerbe
gauge transformation x, the Phillips-Raeburn invariant of the φ factor
of y = [A, α× φ] should be shifted by η(x).
We may view this action as affecting the H-flux on spacetime by
shifting the B-field, that is, if H = dB locally, we act by a gerbe
automorphism to obtainH = dB′ locally. As argued at the beginning of
this section, we are restricting ourselves to large gauge transformations
of the B-field so (B − B′) is actually a global quantity, in fact, it is a
closed, integral two-form on F on X.
Hence, we only allow shifts of B by elements ofH2(X,Z)
i
→֒ H2(X,R),
where i is the canonical inclusion. Also, physically, i ◦ η(x) can only
equal [(B′ −B)].
Similarly, if y ∈ ker(F ), then H = 0, B = η(y) and changing y by an
element z of B1 = H
2
M(R × Z, C(X,T)) doesn’t change B but might
correspond to making a change in the A-field, the gauge field of the
B-field.
We have argued here that it is natural to associate the group BrR×Z(X)
to a spacetime X with H-flux since it captures properties of the H-flux
on that spacetime. The assignment X → BrR×Z(X) is a functor R
on a certain category defined below (see paragraph before Lemma 2.3
below).
We now construct the functor R above. We also define several other
functors of interest which we will need later. In the rest of this section
we will study these functors in more detail. For circle bundles, we
obtain the functor of Bunke et al (see Ref. [2]) from the C∗-algebraic
theory by using a construction based on the Equivariant Brauer Group
(before Lemma (2.5) below). We also explain how these constructions
help answer the question raised in the paragraph after Lemma (1.1)
above.
As was discussed before Def. (2.1) above, the Equivariant Brauer
Group of X is a special case of the Brauer Group of a groupoid applied
to the transformation groupoid G × X. It is shown in Ref. [20] that
the Brauer Group of a groupoid is isomorphic to a groupoid cohomol-
ogy group. Hence, the Equivariant Brauer Group is an abelian-group-
valued functor contravariant in G and X. The following lemma is then
obvious:
Lemma 2.2. Let Y → Z be a principal bundle of CW -complexes. Let
f : W → Z be a continuous map. Let X → W be the pullback bundle
and φ : X → Y be the map induced by pullback. Consider BrR×Z(X)
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as described above. Then, pullback of C∗-algebras induces the following
maps
(1) λ : BrR(Y )→ BrR(X).
(2) κ : BrR×Z(Y )→ BrR×Z(X).
Consider the category of principal S1-bundles over CW -complexes
with morphisms pullback maps. Let X →W be a principal S1-bundle
over a CW -complex W . Let (A, α,R× Z) be a R × Z C∗-dynamical
system with spectrum X with α a lift of the S1-action on X to a
R × Z action on A as described in the previous paragraph. If Y →
Z is another such principal S1-bundle, then (A, α,R × Z) pulls back
to a C∗-dynamical system on Y . This induces a pullback morphism
φ : BrR×Z(X) → BrR×Z(Y ). Under pullback, BrR×Z gives an abelian-
group valued functor on the category of principal S1-bundles of CW -
complexes with arrows pullback squares of bundles: Given a pullback
square
Y
f˜
−−−→ Xy y
Z
f
−−−→ W
(4)
the functor assigns BrR×Z(X) to the any object P → W and the pull-
back map φ to the above pullback square.
Lemma 2.3. Let X, Y, Z,W be as described in the previous paragraph.
Let φ be as above. The map φ preserves the groups in the natural
filtration on BrR×Z(X) in Ref. [19].
Proof. The natural filtration on BrR×Z(X) is
H2(R× Z, C(X,T))/ im(d
′′
2) ⊆ ker(F ) ⊆ BrR×Z(X)
(see Lemma (2.1) above). Under pullback, as shown above, BrR×Z
maps naturally. Under pullback, the Dixmier-Douady invariant also
pulls back, so, if an element in ker(F ) ⊆ BrR×Z(Y ) corresponded to
a dynamical system of the form (C0(Y,K), α × β,R × Z) its pullback
would be of the form (C0(X,K), α
′×β ′,R×Z). Also, a locally unitary
map pulls back to another locally unitary map. Thus, under pullback
an element of ker(F ) maps to another element of ker(F ). By Lemma
(2.1) above, H2(R× Z, C(X,T))/ im(d
′′
2) is a quotient of C(W,R) and
pullback of continous-trace algebras induces a natural map to H2(R×
Z, C(Y,T))/ im(d
′′
2) (which is a quotient of C(Z,R)). 
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Let X → W be a principal circle bundle as described just before
Lemma (2.3) above. For any i, let Gi be any of the following con-
travariant abelian-group-valued functors15 which assign to X the value
BrR(X),BrR×Z(X), any of the groups in the filtration on BrR×Z(X), any
of the cohomology groupsHq(X,Z), HqM(R×Z, C(X,T)) orH
p(X,Z)⊕
Hq(X,Z). Let N : G1 → G2 be a natural transformation between the
Gi.
Theorem 2.2. LetW be a CW -complex. Choose a principal S1-bundle
Ep on W for every [p] ∈ H
2(W,Z). Let G,Gi be as described before this
theorem and let N : G1 → G2 be a natural transformation as described
above. Then we have the following
(1) The group Aut(Ep) acts on G(Ep) for every Ep.
(2) For any of the choices of G listed before this theorem, let Yp
denote the set G(Ep)/Aut(Ep). Let PG(W ) = ∐[p]∈H2(W,Z)Yp.
Then, the set PG(W ) doesn’t depend on the choice of Ep.
(3) Let Set be the category whose objects are sets and whose mor-
phisms are functions. PG(W ) is a contravariant Set-valued
functor16 on CW -complexes for every choice of G.
(4) The natural transformation N : G1 → G2 yields a natural trans-
formation PN : PG1 → PG2.
(5) Let N : G1 → G2 be the natural transformation mentioned
above. If the map N(Ep) : G1(Ep) → G2(Ep) is always surjec-
tive for every principal bundle Ep → W for every CW -complex
W, then the induced map PN (W ) : PG1(W ) → PG2(W ) is sur-
jective for every CW -complex W. Similarly if N(Ep) is injective
or bijective then so is PN(W ) for every CW -complex W.
Proof.
(1) For BrR and BrR×Z this follows from Lemma (2.2) above and
functoriality. For the groups in the filtration on BrR×Z this
follows from Lemma (2.3) above. For H∗, H∗M , H
∗ ⊕H∗ this is
obvious.
(2) Suppose we pick another bundle E
′
p for each p ∈ H
2(W,Z).
Since Ep, E
′
p have the same characteristic class, they are all
isomorphic. Let φp : E
′
p → Ep be choices of isomorphisms
one for each p ∈ H2(W,Z). Each φp induces isomorphisms
Aut(Ep) → Aut(E
′
p). Let λ be any element of Aut(Ep) and
15By naturality, (See Ref. [19]), these are the groups that would appear in the
discussion of R× Z-actions on CT (X, δ) which on X cover the S1-action on X .
16See also the definitions of Par(B) after Rem. (2.2) and Dyn(E,B) after Prop.
(2.8) in Ref. [18]
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λ
′
the corresponding element of Aut(E
′
p). Then, we have that
the following diagram commutes
Ep
φ
−−−→ E
′
p
λ
y λ′
y
Ep
φ
−−−→ E
′
p.
Applying G to each element of the above diagram shows that
the sets G(Ep)/Aut(Ep) are in bijection. Changing the isomor-
phisms φp doesn’t affect the result.
(3) It is clear that PG(W ) is always a set. All theGi described above
are contravariant abelian group valued functors. If f : V → W
is a continuous map, pulling back Ep → W along f induces a
bundle f ∗(Ep)→ V. Hence, there is a well-defined natural map
PG(f) : PG(W ) → PG(V ) which is induced by pullback. This
map doesn’t depend on the choices of the Ep as in the previous
part.
If we consider id : W → W, the pullback of Ep is natu-
rally isomorphic to Ep and so the induced natural map PG(id) :
PG(W ) → PG(W ) is the identity. This is independent of the
choice of Ep for the same reason as in the previous part.
It is clear that if f : U → V and g : V → W, we have that
f ∗(g∗(Ep)) ≃ (f ◦ g)
∗(Ep). Hence, the induced map PG(g ◦ f)
satisfies PG(g ◦ f) = PG(f) ◦ PG(g) independently of the choice
of Ep.
(4) Suppose we had a natural transformation N : G1 → G2. We
have, for every continuous map f : V →W, and every commu-
tative square
E
′
p
F
−−−→ Epy y
V
f
−−−→ W
maps N(Ep), N(E
′
p) such that the following diagram com-
mutes
G1(Ep)
N(Ep)
−−−→ G2(Ep)
G1(F )
y G2(F )y
G1(E
′
p)
N(E
′
p)
−−−→ G2(E
′
p).
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Let Y 1p = G1(Ep)/Aut(Ep) and Y
2
p = G2(Ep)/Aut(Ep). Then,
we have that N(Ep) induces maps Y
1
p → Y
2
p . This, in turn, in-
duces maps PN(W ) : PG1(W )→ PG2(W ).
Similarly, from the commutative diagram in Part (2) above,
elements of Aut(Ep) give rise to elements of Aut(E
′
p) by compo-
sition. Hence, the above diagram remains commutative when
we quotient each Ep by Aut(Ep).
Hence, for every W we have that the following diagram com-
mutes for every f : V →W
PG1(W )
PN (W )
−−−−→ PG2(W )
PG1 (f)
y PG2 (f)
y
PG1(V )
PN (W )
−−−−→ PG2(V ).
Hence, we have a natural transformation PN : PG1 → PG2 .
(5) Suppose N(Ep) : G1(Ep) → G2(Ep) was always surjective for
every principal bundle Ep → W, for every CW -complex W.
Then, the induced map Y 1p → Y
2
p is always surjective (since
quotienting both sides ofN(Ep) : G1(Ep)→ G2(Ep) by Aut(Ep)
will give a surjective map). Hence, the induced map PN(W ) :
PG1(W )→ PG2(W ) would be surjective as well.
The proof in the caseN(Ep) is injective or bijective is obvious.

Using the previous Theorem, let P, P2, P3 be the functors associated
to BrR, H
2, H3 respectively. Similarly, let P3,2,R be the functors asso-
ciated to H2 ⊕H3,BrR×Z respectively.
Lemma 2.4. The functor P3 above is the functor of Ref. [2].
Proof. This is obvious: Both functors take the same value on CW -
complexes and, for any f : V → X, both act on objects via pullback of
pairs as defined in Ref. [2]. 
We will study the functors P2, P3, P3,2 in more detail in Sec. (3).
Corollary 2.1. Suppose W,Ep were as in Thm. (2.2).
(1) The natural isomorphism F : BrR(Ep) → H
3(Ep,Z) induces a
natural transformation P → P3.
(2) The forgetful map (see Def. (2.1) above) F : BrR×Z(Ep) →
BrR(Ep) induces a natural transformation F : R → P3.
(3) There is a natural surjective map BrR×Z(Ep) → H
2(Ep,Z) ⊕
H3(Ep,Z). This induces a natural transformation π : R → P3,2.
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For every CW -complex W, the induced map R(W ) → P3,2(W )
is surjective.
Proof.
(1) By Ref. [1], Sec. (4.1), the forgetful map induces a natural iso-
morphism F : BrR(Ep) → H
3(Ep,Z). By the previous Theo-
rem, this induces a natural transformation P → P3.
(2) This follows from Thm. (2.2) items (3,4) applied to the forgetful
map (see Def. (2.1) above) F : BrR×Z(Ep)→ BrR(Ep).
(3) By Thm. (2.1) item (1), we have a split short exact sequence
0→ ker(F )→ BrR×Z(Ep)→
F
Br(Ep)→ 0.
Thus, we have a natural isomorphism
BrR×Z(Ep) ≃ H
3(Ep,Z)⊕ ker(F )
where we have used the fact that Br(Ep) ≃ H
3(Ep,Z). By Thm.
(2.1) item (2), there is a natural surjective map η : ker(F ) →
H2(Ep,Z).
Hence, we have a natural map BrR×Z(Ep) → H
3(Ep,Z) ⊕
H2(Ep,Z). Since F, η are both surjective, the above map is sur-
jective. By Thm. (2.2) items (3,4) applied to the above map,
this induces a natural transformation π : R → P3,2. By the
same Theorem, item (4), for every CW -complexW, the functor
π induces a surjective map R(W )→ P3,2(W ).

For a given string background p : Ep →W , P3(W ) encodes the data
important for T-duality, namely theH-flux on Ep and the characteristic
class of Ep.
As we noted at the beginning of this section, for a given string back-
ground if we fix a closed three-form H such that [H ] is the H-flux and a
two-form field B such that H = dB then a large gauge transformation
of the H-flux will change B to B′ such that H = dB′. By definition,
d(B −B′) = 0, i.e., (B −B′) is a cohomology class in H2de Rham(X). In
the discussion at the beginning of this section, it has been pointed out
that for a large gauge transformation, this class is actually integral.
To the data encoded in P3(W ), we may add, in addition, the char-
acteristic class of a large gauge transformation of the H-flux. For any
CW -complex W, this is encoded in P3,2(W ) : Here to W we associate
the triple ([p], b, H). The class b parametrizes large gauge transfor-
mations of the H-flux and should not be identified with the physical
Kalb-Ramond field unless H = 0.
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With this caveat in mind we will refer to the class b as ‘the B-field’
or ‘the B-class’ in what follows. It should be clear, however, that this
should not, in fact, be interpreted as the physical Kalb-Ramond field,
but should be viewed as a shift in the Kalb-Ramond field B that is, as
the characteristic class of a large gauge transformation of the H-flux.
We now point out some relations among the functors P2, P3, P3,2 de-
scribed above. We point out the action of the transformations induced
by Topological T-duality on these functors. We show how these indi-
cate a way to answer the question posed in Sec. (1) in the paragraph
after Lemma (1.1) (see Eq. (8) below). We close with a comparision to
the work of Schneider (see Ref. [18]).
Let W be as above. Consider the functor P2 above. As pointed out
above after Lemma (2.5), forW,Ep as above, by considering BrR×Z(Ep)/B1,
we are led to consider ‘triples’ of the form (principal bundle Ep,
Class in H2(Ep,Z), Class in H
3(Ep,Z)). The isomorphism classes
of such triples over W are P3,2(W ) where P3,2 is the functor defined
before Cor. (2.1) above. Also, by the discussion in Cor. (2.1) item (3)
above, there is a natural transformation π : R → P3,2.
In Sec. (6) we prove that there is a well-defined map T3,2 : R3,2 → R3,2
inducing a natural transformation T3,2(W ) : P3,2(W )→ P3,2(W ) by an
argument involving the classifying space of triples R3,2. We also show
that this map induces the following commutative diagram.
(5)
T3,2(W )
T3,2(W )
−−−−→ T3,2(W )
pi(W )
y pi(W )y
T3(W )
T (W )
−−−→ T3(W )
i.e., π ◦ T3,2 = T ◦ π as natural transformations.
Given a C∗-dynamical system (A,R×Z, α) corresponding to a class
a ∈ BrR×Z(Ep), adding an element of B1 to a will not change the
Phillips-Raeburn invariant of α|Z or the H-flux F (a). We showed in
Ref. [17] that under T-duality the Phillips-Raeburn invariant of the
Z-action on A ⋊
α|R
R associated to T (a) only depends on the H-flux and
the Phillips-Raeburn invariant of the dynamical system associated to
a. It doesn’t depend on the lift of these data to a R × Z-action on A.
Hence, the following diagram commutes
(6)
R(W )
TR(W )
−−−−→ R(W )
pi(W )
y pi(W )y
P3,2(W )
T3,2(W )
−−−−→ P3,2(W ).
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Also, by Cor. (2.1), item(3), the map π(W ) : R(W ) → P3,2(W )
induced by the functor π in Cor. (2.1) item (3), is always surjective.
Thus we may infer properties of TR from those of T3,2 but it should be
clear that they are not the same. In this paper we mainly study P3,2
and T3,2. This is sufficient to answer the question we raised in Section
(1) in the paragraph after Lemma (1.1).
Let W be as above. Consider the functor P3 above. In Ref. [2], the
authors show that there is a classifying space R3 for the functor P3
and P3(W ) = [W,R3]. Further, Ref. [2] shows that that T-duality is
a natural transformation from P3 to itself giving a map we denote as
T3(W ) : P3(W )→ P3(W ).
By Cor. (2.1) above, there is a natural transformation P → P3 in-
duced by the isomorphism BrR(Ep)→ H
3(Ep,Z) which by Part (5) of
Thm. (2.2) induces a natural isomorphism P (W ) → P3(W ) for every
CW -complex W.
Hence, for every CW -complex W , we have an isomorphism of sets
∐[p]∈H2(W,Z)H
3(Ep,Z)/Aut(Ep) ≃ ∐[p]∈H2(W,Z)BrR(Ep)/Aut(Ep).
Therefore, an isomorphism class of a pair over W (in the sense of Ref.
[2]) determines and is determined by an element of P. In particular,
for any CW complex W, we have that [W,R3] = P (W ) as well. Thus,
the Topological T-duality functor of Bunke et al may be easily derived
from the C∗-algebraic theory of Ref. [1] for circle bundles (see also Ref.
[18] Prop. (2.8)).
Let R be as defined above. By the above, this is a set-valued func-
tor on the category of unbased CW -complexes. Then, we have the
following theorem
Lemma 2.5. There is a well-defined map TR : R(W )→R(W ) induced
by the crossed product.
Proof. We need the following well-known fact. Let A,B be C∗-algebras
withG-action α, β respectively. Let Cc(G,A) the α-twisted convolution
algebra of A-valued functions on G which are of compact support on G.
Similarly, let Cc(G,B) be the β-twisted convolution algebra of B-valued
functions on G which are of compact support on G. Give Cc(G,A) and
Cc(G,B) the inductive limit topology
17.
Theorem 2.3. Suppose that (A, G, α) and (B, G, β) are dynamical sys-
tems and φ : A → B is an equivariant homomorphism. Then, there
is a homomorphism φ ⋊ id : A ⋊
α
G → B ⋊
β
G mapping Cc(G,A) into
Cc(G,B) such that φ⋊ id(f)(s) = φ(f(s)).
17See Ref. [9], Corollary 2.48.
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From the proof of this theorem, it is clear that the extension φ⋊ id
is unique.
Here, A = B and G = R. Suppose y ∈ BrR×Z(W ), and we pick
a representative x = (A, α × φ) of y. We may define T (y) to be the
dynamical system (A ⋊
α
R, α# × φ#) where φ# is the map induced on
the crossed product by φ#(f)(t) = φ ⋊ id(f)(t). It is clear that it is
unique and commutes with the R-action.
Changing the representative to a Morita equivalent one y = (A′, α′×
φ′) will not change the Morita equivalence class of the answer because,
by Lemma (3.1) of Ref. [19], α′×φ′ is outer conjugate to α×φ. Hence,
there is an isomorphism Φ : A → A such that Φ ◦ (α × φ)Φ−1 is
exterior equivalent to (α′ × φ′). Hence, there is a continuous map u :
R×Z→ UM(A) such that ugh = ug(α×φ)g(uh) such that (α
′×φ′)g =
Ad ug◦(α×φ)g. Then the suspension u
′(t) = u, ∀t ∈ R gives an exterior
equivalence between α# × φ# and α′# × φ′#.

We now remark on some properties of the functor R and their
connection with Topological T-duality. We begin by considering the
functor P3,2 described above. Apart from the construction above,
there is another reason to look at P3,2(W ) : By Thm. (2.1) above,
BrR×Z(Ep) has a large continuous part, namely the elements ofH
2
M(R×
Z, C(Ep,T)). If we quotient BrR×Z(Ep) by this continuous part, we ob-
tain the group H2(Ep,Z)⊕H
3(Ep,Z) associated to Ep. Alternatively,
we may consider im(F1) where F1 : BrR×Z(Ep) → BrZ(Ep) is the for-
getful map of Def. (2.1). In either case, for any CW -complex W, we
have to consider the functor P3,2(W ) =(principal bundle, closed in-
tegral two-form, H-flux ) over W. We have the following property
of P3,2 :
Lemma 2.6. Let T, T3 be as defined above. The map F : BrR×Z(X)→
BrR(X) in Def. (2.1) above gives a natural transformation F between
the functors R and P3 defined above. We have that F ◦ T = T3 ◦ F.
Proof. By Part (2) of Cor. (2.1) above, the map F : BrR×Z(X) →
BrR(X) gives a natural transformation between the functors R and
P3. By construction, we know that if we ‘forget’ the Z-action on A,
the crossed product by the R-action doesn’t change in either H-flux
or topology. That is, if we have two T-dual (in the sense above) C∗-
dynamical systems (A,R×Z, α) and (B, Rˆ×Z, β) then the dynamical
systems (A,R, α|R) and (B, Rˆ, β|Rˆ) are T-dual in the sense of Ref. [1].
Hence, the following diagram commutes
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R(W )
T (W )
−−−→ R(W )
F (W )
y F (W )y
P3(W )
T3(W )
−−−−→ P3(W ).
This implies that F ◦ T = T3 ◦ F. 
Now, by the discussion in Cor. (2.1) item (3) above, there is a natural
transformation π : R → P3,2.
In Sec. (6) we prove that there is a classifying space for P3,2 denoted
R3,2 such that P3,2(W ) = [W,R3,2].We show that there is a well-defined
map T3,2 : R3,2 → R3,2 inducing a natural transformation T3,2(W ) :
P3,2(W )→ P3,2(W ). We also show that this map induces the following
commutative diagram.
(7)
T3,2(W )
T3,2(W )
−−−−→ T3,2(W )
pi(W )
y pi(W )y
T3(W )
T (W )
−−−→ T3(W )
i.e., π ◦ T3,2 = T ◦ π as natural transformations.
Given a C∗-dynamical system (A,R×Z, α) corresponding to a class
a ∈ BrR×Z(Ep), adding an element of B1 to a will not change the
Phillips-Raeburn invariant of α|Z or the H-flux F (a). We showed in
Ref. [17] that under T-duality the Phillips-Raeburn invariant of the
Z-action on A ⋊
α|R
R associated to T (a) only depends on the H-flux and
the Phillips-Raeburn invariant of the dynamical system associated to
a. It doesn’t depend on the lift of these data to a R × Z-action on A.
Hence, the following diagram commutes
(8)
R(W )
TR(W )
−−−−→ R(W )
pi(W )
y pi(W )y
P3,2(W )
T3,2(W )
−−−−→ P3,2(W ).
Also, by Cor. (2.1), item(3), the map π(W ) : R(W ) → P3,2(W )
induced by the functor π in Cor. (2.1) item (3), is always surjective.
Thus we may infer properties of TR from those of T3,2 but it should be
clear that they are not the same. In this paper we mainly study P3,2
and T3,2. This is sufficient to answer the question we raised in Section
(1) in the paragraph after Lemma (1.1).
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In a recent thesis by Schneider [18] the author defines the collec-
tion of equivalence classes of C∗-dynamical systems (A, G, α) whose
spectrum is a principal G/N - bundle over W (denoted Dyn+(W )). He
then defines a T-duality map induced by the crossed product between
equivalence classes of such dynamical systems. The resulting dynamical
system is (A ⋊
α#
Gˆ, Gˆ, α#) and has spectrum a principal Gˆ/N⊥-bundle
over W.
Thus the duality map in Ref. [18] would map systems of the form
(A,R× Z, α) with spectrum a principal S1-bundle over W to those of
the form (A#, Rˆ×T, αˆ) with a spectrum-fixing T-action and spectrum
a principal S1-bundle over W.
This map is not the same as the T-duality map we are considering
here, since we map equivalence classes of C∗-dynamical systems of the
form (A,R × Z, α) with spectrum a principal S1-bundle over W and
a spectrum-fixing Z-action on A to those of the form (A#, Rˆ × Z, αˆ).
Here A# has spectrum a principal S1-bundle over W but there is a
spectrum-fixing Z-action on A#.
3. The Classifying Space of k-pairs
In this section, we study the functors P2, P3,2 defined above. We
show that they are representable and possess classifying spaces R2, R3,2
respectively. We calculate some properties of these classifying spaces.
Let SET be the category of sets with functions as morphisms. Let
C be the category of unbased CW complexes with unbased homotopy
classes of continuous maps as morphisms. Let C0 be the category of
CW complexes which are finite subcomplexes of some fixed countably
infinite dimensional standard simplicial complex. (C, C0) is a homotopy
category in the sense of Ref. [21] (see Thm. (2.5) in [21]).
Let W be a fixed CW complex. We define a k-pair over W to consist
of a principal S1-bundle p : E → W together with a cohomology class
b ∈ Hk(W,Z). We denote a k-pair as ([p], b). (Here the space W is
understood from the context as is the value of k.) Note that a ‘pair’ in
the sense of Ref. [2] would be a termed a 3-pair here.
Def 3.1. We declare two k-pairs (same k) ([p], b) and ([q], b′) over W
equivalent if
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• We are given two principal S1-bundles p : E → W and q : E ′ →
W such that
E
φ
−−−→ E ′
p
y qy
W
id
−−−→ W
commutes.
• We also require that b′ = φ∗(b).
It is clear that the collection of equivalence classes of k-pairs over
a fixed space W (denoted Pk(W )) is a set. For all W , we have a
distinguished pair consisting of the trivial S1-bundle over W with the
zero class in Hk(W,Z). Thus, Pk(W ) is actually a pointed set.
Def 3.2. Let W and Y be two CW-complexes and let f : W → Y be
a continuous map. Let ([p], b) ∈ Pk(Y ) be represented by a principal
S1-bundle p : E → Y and a class b ∈ Hk(Y,Z). We define the pullback
of ([p], b) via f, denoted f ∗([p], b), to be the following data
• The unique principal S1-bundle f ∗p : f ∗E → W such that the
following diagram commutes
f ∗E
φ˜f
−−−→ E
f∗p
y py
W
f
−−−→ Y.
• The cohomology class φ∗f(b) in H
k(f ∗E,Z).
That is,we define f ∗([p], b) = (f ∗[p], φ∗f(b)).
Lemma 3.1. Let f0, f1 : W → Y be freely homotopic. For any pair
([p], b) ∈ P2(Y ), f
∗
0 ([p], b) is equivalent to f
∗
1 ([p], b).
Proof. Let p : E → Y be a principal S1-bundle. We have pullback
squares for i = 0, 1
f ∗i E
φ˜i
−−−→ E
f∗i p
y p
y
W
fi
−−−→ Y.
Then, by Ref. [22], Cor. (1.8), the pullback bundles f ∗0 p : f
∗
0E → W
and f ∗1 : f
∗
1E → W are isomorphic. Further, by the same lemma,
this isomorphism is implemented by a map ψ : f ∗0E → f
∗
1E. This map
induces isomorphisms on the cohomology groups such that ψ◦f ∗0 = f
∗
1 .
As a result, by the above definition, f ∗0 ([p], b) = f
∗
1 ([p], b). 
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Hence, Pk(W ) is a pointed set depending only on the homotopy type
of W . Given a map f : W → Y, define Pk(f) : Pk(Y ) → Pk(W ) to
be the map induced by pullback of pairs. It is clear that Pk(1) = Id.
(This is just the condition that two pairs be equivalent). Hence, Pk
extends to a functor (also denoted Pk) Pk : C → SET .
Theorem 3.1. For every k, the functor Pk above satisfies the condi-
tions of the Brown Representability Theorem. Hence, for every k, there
exists a classifying space Rk for Pk.
Proof. There are two conditions we need to prove.
(1) Consider an arbitrary family {Wµ}, µ ∈ I of of objects in C.
Let Y =
⊔
µ∈I Wµ. Let hµ : Wµ →
⊔
µ∈I Wµ be the inclusion
maps.
We have a pullback square (for every µ ∈ I)
h∗µE
h˜µ
−−−→ E
pµ
y py
Wµ
hµ
−−−→ Y.
Here pµ = h
∗
µp. Since H
2(W,Z) ≃
∏
µ∈I H
2(Wµ,Z), we have
that [p] = ([pµ]), µ ∈ I.
Let h∗µE = Eµ, then, we also have that E =
⊔
µ∈I Eµ and
Hk(E,Z) ≃
∏
µ∈I H
k(Eµ,Z). Hence, every class b ∈ H
k(E,Z)
may be written as (bµ), µ ∈ I with bµ = h˜
∗
µ(b). Hence, we have
an isomorphism
ΠµP (hµ) : P (
⊔
µ
Wµ) ≈ ΠµP (Wµ).
(2) Suppose we are given CW complexes A,W1,W2 and continuous
maps fi : A→Wi, gi : Wi → Z, i = 1, 2 such that
A
f1
−−−→ W1
f2
y g1y
W2
g2
−−−→ Z
commutes up to homotopy and is a pushout square in C.Wemay
take fi to be inclusions into the Wi and Z the result of gluing
W1 to W2 along A. Suppose ui ∈ P (Wi) satisfy P (f1)u1 =
P (f2)u2. For i = 1, 2, let ui correspond to the pair ([pi], bi)
over Wi, where pi : Ei → Wi are principal S
1-bundles. Then,
since P (f1)u1 = P (f2)u2, f
∗
1Ei ≃ f
∗
2E2. This implies that the
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restrictions of f ∗i Ei to A are the same. Hence, these two bundles
may be glued into a unique bundle p : E → Z. Note that
Gi = f
∗
i Ei ⊂ E, i = 1, 2 and G1 ∪G2 = E. We have a pullback
square
Gi
g˜i
−−−→ E
pi
y py
Wi
gi
−−−→ Z
By the Mayer-Vietoris theorem, we have
Hk(E,Z)→ Hk(G1,Z)⊕H
k(G2,Z)→ H
k(G1 ∩G2,Z)
Now f ∗1 (b1) = f
∗
2 (b2) and so the image of (b1, b2) via the second
map above is zero. Hence, by exactness, there is an element in
c ∈ Hk(E,Z) such that g˜i(c) = bi, i = 1, 2. Thus, we define
an element v ∈ P (Z) by v = ([p], c). It is clear that P (gi)v =
ui, i = 1, 2.
As a result, for every k, there is a CW complex Rk such that iso-
morphism classes of k-pairs over a space W correspond to unbased
homotopy classes of maps from W → Rk. 
Similarly we may define a k1, k2, . . . , kn-tuple (ki ∈ N) over a space
W to consist18 of a principal S1-bundle p : E → W together with co-
homology classes b1, . . . , bn such that bi ∈ H
ki(E,Z). Exactly as above
we may define the notion of equivalent tuples and a set valued func-
tor Pk1,k2,...,kn(W ). As above, such a functor is representable and has
a representation space denoted Rk1,k2,...,kn. Note that there are natural
maps Rk1,...,kn → K(Z, 2) and Rk1,...,kn → K(Z, ki − 1) given by send-
ing ([p], b1, . . . , bi) → [p] and ([p], b1, . . . , bi) → p!(bi) respectively. In
addition, the canonical S1-bundle U over K(Z, 2) defines a unique pair
(U, 0) over Rk for every k and hence the natural map Rk → K(Z, 2) is
naturally split. This implies that the cohomology ring of Rk contains
Z[α], α ∈ H2(Rk,Z).
Given a 3, 2-tuple ([p], b, H) overW, we obtain a unique 2-pair ([p], b)
and 3-pair ([p], H) over W. Similarly, given a 2-pair ([p], b) and a 3-
pair ([p], H) (same [p]) over W, we obtain a unique triple ([p], b, H)
over W. Thus, R3,2 is a fiber product R3 ×
K(Z,2)
R2. Similarly Rk1,...,kn ≃
Rk1 ×
K(Z,2)
. . . ×
K(Z,2)
Rkn. There are natural fibrations qki : Rk1,...,kn → Rki.
For the sake of completeness we note the following
18Obviously the ordering of the ki is irrelevant.
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Lemma 3.2. Suppose W is k-connected, k ≥ 2. Then, Pk+1(W ) ≃
Hk+1(W,Z).
Proof. Since W is at least 2-connected, all principal S1-bundles on W
are trivial. Further, Hk+1(W × S1,Z) ≃ Hk+1(W,Z) and hence the
result. 
We will only consider 2-tuples, 3-tuples and 3, 2-tuples in this pa-
per. We will also consider P2, P3, P3,2 and the corresponding classifying
spaces R2, R3, R3,2.
Bunke et al. [2] have considered the case k = 3. We denote their
classifying space R3 here. For the remainder of this section and the
next we work with k = 2. We abbreviate 2-pair to ‘pair’.
A priori, R2 is an unbased CW complex. We now arbitrarily pick a
basepoint r0 in R2.
Lemma 3.3. Let W be any CW complex. Pick a basepoint x0 ∈ W.
Any unbased map f : W → R2 may be freely homotoped to a based map
g : (W,x0)→ (R2, r0).
Proof. Suppose W was any CW complex, and f : W → R2 an unbased
map. By the Lemma that follows, we know that R2 is a fibration of a
connected space over a connected base space. Hence R2 is connected.
Pick a basepoint x0 ∈ W . Pick a path q : I → R2 connecting f(x0)
to r0. Extend the data f, q to a free homotopy H : W × I → R2.
Then, g = H(1, .) : W → R2 is map such that g(x0) = r0. The map g
classifies the same pair that f does, since R2 is an unbased classifying
space. 
Lemma 3.4. There is a fibration K(Z, 2)→ R2 → K(Z, 2)×K(Z, 1).
Proof. Given a pair ([p], b) over W , we obtain two natural cohomology
classes [p] ∈ H2(W,Z) and p!(b) ∈ H
1(W,Z). As a result, there is a
natural map φ×ψ : R2 → K(Z, 2)×K(Z, 1). Given a pair ([p], b) over
any spaceW , classified by f :W → R2, the map f 7→ φ◦f corresponds
to the map ([p], b) 7→ [p]. Similarly, f 7→ ψ ◦ f corresponds to the map
([p], b) 7→ p!(b). We pick a basepoint in K(Z, 2) × K(Z, 1) such that
φ×ψ is a based map. Suppose f : W → R2 classified a pair ([p], b) over
W . Pick a basepoint x0 ∈ W. By Lemma (3.3) above, f may be freely
homotoped to a based map g : (W,x0)→ (R2, r0). Suppose g was in the
homotopy fiber of φ×ψ. Then, we would obtain a pair ([p], b) over W
such that p!(b) = 0, [p] = 0. This would correspond to the trivial bundle
W ×S1 →W equipped with the cohomology class 1×a, a ∈ H2(W,Z).
Hence we would get a natural based map W → K(Z, 2). Conversely,
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given a class a in H2(W,Z), we could obtain a pair (0, 1 × a) over W
which would have [p] = 0 and p!(1×a) = 0. By Lemma (3.3), this pair
would be classified by a based map g : (W,x0) → (R2, r0). Obviously,
(φ× ψ) ◦ g would be nullhomotopic.
Thus, the homotopy fiber of φ× ψ is K(Z, 2). 
Lemma 3.5. The homotopy groups of R2 are as follows
• π1(R2) = Z,
• π2(R2) ≃ Z
2,
• πi(R2) = 0, i > 2.
Proof. We had picked a basepoint for R2. Hence, we may calculate
πi(R2) from the long exact sequence of the fibration in Lemma (3.4).
We find that the nozero part of the sequence is
0→ Z→ π2(R2)→ Z→ 0→ π1(R2)→ Z→ 0.
Thus, π1(R2) = Z, π2(R2) ≃ Z
2, and πi(R2) = 0, i > 2. 
We may characterize R2 as follows
Lemma 3.6. Let c : K(Z, 2) × K(Z, 1) → K(Z, 3) be the based map
which induces the cup product. Then R2 is the homotopy fiber of c.
Proof. Let f : W → R2 be a map inducing the pair ([p], b) over W .
Fixing a basepoint x0 ∈ W, we may replace f by a based map g :
(W,x0)→ (R2, r0) by Lemma (3.3). It is clear that we may take φ×ψ
to be based. Then we have a principal S1-bundle p : E → W. By the
Gysin sequence of this bundle we have that [p]∪p!(b) = 0. This implies
that c ◦ (φ × ψ) ◦ f is nullhomotopic via a based homotopy, since c is
exactly the based map which gives the cup product.
Conversely, suppose we are given a based map f : W → K(Z, 2) ×
K(Z, 1) such that c ◦ f is nullhomotopic. Then, this corresponds to a
class a ∈ H1(W,Z) and a class [p] ∈ H2(W,Z) such that [p]∪a = 0. Pick
a principal S1-bundle p : E → W with characteristic class [p]. From
the Gysin sequence of this bundle we see that [p] ∪ a = 0 implies that
a = p!(b) for some b ∈ H
2(E,Z). Thus, we obtain a pair ([p], b) over
W and hence an unbased map g : W → R2. By the above argument,
we may replace it with a based map h classifying the same pair over
W. Obviously, (φ× ψ) ◦ h = f as a based map.
Hence, R2 is the homotopy fiber of the based map c in the category
of based CW complexes with basepoint preserving homotopy classes of
maps between them. There is a forgetful functor from this category to
the category C. We take the image of the homotopy fiber of c via this
functor. This determines R2 up to homotopy equivalence in C. 
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Since π1(R2) 6= 0, the choice of basepoints might be important. In-
deed, we have the following
Lemma 3.7. The space R2 is not simple.
Proof. Suppose R2 was simple: Then, from Postnikov theory, we see
thatR2 would be homotopy equivalent to the productK(Z, 1)×K(Z, 2)×
K(Z, 2) via a based homotopy. Given f : W → R2 by Lemma (3.3), we
could obtain a based map g : W → R2 classifying the same pair overW
as f . Hence we would obtain based maps W → K(Z, 2), W → K(Z, 2)
and W → K(Z, 1). The pair would then be determined by classes
[p], a ∈ H2(W,Z) and p!(b) ∈ H
1(W,Z). Here [p] would be the charac-
teristic class of a principal S1-bundle p : E → W . This would imply
in turn that b would be determined by p!(b) and a and hence that the
Gysin sequence for p : E → W would split at degree two for any prin-
cipal S1-bundle E over W . Since W,E were arbitrary, this is obviously
impossible. 
Lemma 3.8. The cohomology of R2 up to degree 3 is
• H0(R2,Z) ≃ Z,
• H1(R2,Z) ≃ Z,
• H2(R2,Z) ≃ Z.
• H3(R2,Z) ≃ Z.
Proof. Consider the fibration K(Z, 2)→ R2 → K(Z, 2)×K(Z, 1). We
have thatH∗(K(Z, 2),Z) ≃ Z[a] where a is a generator ofH2(K(Z, 2),Z) ≃
Z. This ring has no automorphisms apart from a → −a. Since the fi-
bration is oriented, the generator of π1(K(Z, 2)×K(Z, 1)) acts trivially
on the cohomology of K(Z, 2). As a result, we may use the Serre spec-
tral sequence using cohomology with untwisted coefficients to calculate
H∗(R2,Z).
We note that the above fibration is pulled back from the path-loop
fibration over K(Z, 3) via the map c : K(Z, 2) × K(Z, 1) → K(Z, 3)
inducing the cup product. Suppose µ was a generator ofH1(K(Z, 1),Z)
and that λ was a generator of H2(K(Z, 2),Z). Let µ˜ = (φ × ψ)∗(µ),
and λ˜ = (φ×ψ)∗(λ). Then we have that µ˜∪ λ˜ = 0. This shows that the
transgression E2,02 → E
0,3
2 must be a map k : H
2(K(Z, 2),Z) ≃ Z →
H2(K(Z, 2)×K(Z, 1),Z) ≃ Z sending a→ a(µ ∪ λ).
From the spectral sequence table, we see thatH0(R2,Z) ≃ Z, H
1(R2,Z) ≃
Z, H2(R2,Z) ≃ Z and H
3(R2,Z) ≃ Z. 
Note that the canonical bundle over K(Z, 2) gives rise to a unique
pair (1, 0) over K(Z, 2). This is classified by a map K(Z, 2)→ R2 which
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is a section of the natural map R2 → K(Z, 2). Hence, the cohomology
ring of R2 contains Z[b], b ∈ H
2(R2,Z).
This ring has generators a, b, c in degrees 1, 2 and 3 respectively such
that
(9) a.b = 0, bn 6= 0 for any n.
We now determine the action of π1(R2) on π2(R2).
Theorem 3.2. The action of the generator S of π1(R2) ≃ Z on π2(R2)
is given by
S(a, b) = (a+ b, b).
Proof. From the long exact sequence of homotopy groups of the fibra-
tion in Lemma (3.4), we see that we have a sequence 0 → Z → Z2 →
Z → 0. Now, π1(R2) acts on each term of this sequence by Z-module
automorphisms with the trivial action on the first and last Z factors
and by an action θ on the middle factor.
This implies that θ may be taken to be the homomorphism induced
by the matrix (
1 ∗
0 1
)
.
We claim that
θ ≃
(
1 1
0 1
)
.
We have a fibration K(Z, 2) → R2 → K(Z, 2) ×K(Z, 1). We could
view this as a fibration over the K(Z, 1) ≃ S1 factor K(Z2, 2)→ R2 →
S1. From the long exact sequence of a fibration, it is clear that K(Z2, 2)
is the universal cover R˜2 of R2. Now π1(S
1) acts on R˜2 by deck trans-
formations. Hence, using the Cartan-Leray spectral sequence (see Ref.
[23] Ch. XVI Sec. (9) for details), we have a spectral sequence with
Ep,q2 = H
p(Z = π1(S
1), Hq(K(Z2, 2),Z))⇒ H∗(R2,Z) (here H
∗(Z,M)
denotes the group cohomology of Z with coefficients in a module M).
This sequence collapses at the E2 term itself, since E
p,q
2 ≃ 0 for p ≥ 2.
Thus Z ≃ H2(R2,Z) ≃ H
0(Z, H2(K(Z2, 2),Z)) ≃ H0(Z,Z2), and so
the fixed points of θ on Z2 are Z 6= Z2. Hence the action θ is not trivial
and R2 is not simple.
Now, Z ≃ H3(R2,Z) ≃ H
1(Z, H2(K(Z2, 2),Z)) ≃ H1(Z,Z2). If Z
acts on Z2 with an action θ, H∗(Z,Z2) is the cohomology of the complex
Z2
θ−1
→ Z2. Hence, Z2/(θ−1)Z2 ≃ Z here, and using the above form for
θ,
θ ≃
(
1 1
0 1
)
.
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
Note that since R2 was defined in the unbased category, for any CW-
complex W, pairs over W are classified by unbased maps from W to
R2. Since the space of unbased maps from W to R2 is the quotient of
the space of based maps from W to R2 by the action of π1(R2), we see
that the non-trivial action of π1(R2) does not affect our results. We
simply have to be careful to use unbased maps in all our constructions.
We can see an example of this when we try to determine all the pairs
over S2. If pairs were classified by based maps, then P2(S
2) would be
a group. However, we have the following
Lemma 3.9. P2(S
2) is not a group.
Proof. For any CW complex W, we have a natural map φ : P2(W ) →
H2(W,Z) which sends a pair ([p], b) over W to [p]. Now, for every
a ∈ H2(S2,Z) ≃ Z, we claim that the set φ−1(a) has cardinality |a|.
To see this, it is enough to note that if Dp → S
2 is a principal S1-
bundle of Chern class [p], then H2(Dp,Z) ≃ Zp. This implies that
P2(S
2) → H2(S2,Z) is not a group homomorphism, and hence that
P2(S
2) is not a group. 
In fact, P2(S
2) is the quotient of the group π2(R2) ≃ Z
2 by the action
of π1(R2) calculated in Thm. (3.2) above.
Lemma 3.10. Consider the principal S1-bundle p : E2 → R2 whose
characteristic class is b the generator of H2(R2,Z). Its cohomology
groups are
• H0(E2,Z) ≃ Z,
• H1(E2,Z) ≃ Za¯,
• H2(E2,Z) ≃ Zw,
• H3(E2,Z) ≃ Zc¯.
where a¯, c¯ are the images of the generators a, c of H i(R2,Z), i = 1, 3 in
H∗(E2,Z). In addition p!(w) = a, a¯ = p
∗(a), c¯ = p∗(c).
Proof. The Serre Spectral Sequence table is
(10)
Zz Zaz Zbz Zcz
Z Za Zb Zc
The transgression map d2 : E0,12 → E
2,0
2 has to be dz = b. Hence using
the ring structure, the fact that ab = 0 in H∗(R2,Z), and the fact that
b generates a copy of Z[b] inside H∗(E2,Z) gives the cohomology groups
shown. In addition, note that w is the image of a.z in H2(E2,Z).
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Then, an inspection of the Gysin sequence for E2 shows that the
elements a¯, c¯ must be images of a, c under p∗. 
This bundle acts as a universal bundle for pairs: Given a principal
S1-bundle p : D → W and b ∈ H2(D,Z) we have a classifying map
f : W → R2. This bundle pulls back along f to give the bundle p :
D →W while the generator of H2(E2,Z) pulls back to the b-class.
We hope to study the map T of Section (1) using the classifying
space R2 studied above.
4. T-duality for automorphisms is not involutive
By the proof of Thm. (3.1) in Ref. [17], we know that the T-dual
of an automorphism even with H-flux is always unique. However, T-
duality for automorphisms is not involutive: If we perform two suc-
cessive T-dualities we may not get the automorphism we started with.
For example, if W = S2 with 1 unit of H-flux on S2 × S1, the T-dual
is S3 with no H-flux. Since H2(S2 × S1,Z) ≃ Z, but H2(S3,Z) ≃ 0,
every locally unitary (but not necessarily unitary) automorphism of
CT (S2×S1, 1) dualizes to a unitary automorphism of C(S3,K). From
the proof of Thm. (3.1) of Ref. [17], it is clear that the T-dual of a
unitary automorphism is unitary. Hence, taking one more T-dual gives
a unitary automorphism of CT (S2 × S1, 1).
At the level of triples ([p], b, H) we conjecture that the T-duality map
of Section (1) should have the following properties:
Lemma 4.1. Let W be connected and simply connected. Let p : E →
W be a principal S1-bundle with H-flux H and b ∈ H2(E,Z). Let
q : E# → W be the T-dual principal S1-bundle with H-flux H# and
b# ∈ H2(E#,Z) where b# = T (b). Then, for all b ∈ H2(E,Z), ∀l, m ∈
Z, the Gysin sequence induces a natural isomorphism H2(E/Z)/ <
p∗p!(H) >≃ H
2(E#,Z)/ < q∗q!(H
#) > .
Proof. The Gysin sequence of q : E# →W is
Z
[q]
→ H2(W,Z)
q∗
→ H2(E#,Z)
q!→ H1(Z,Z)→ · · ·
The Gysin sequence of p : E →W is
Z
[p]
→ H2(W,Z)
p∗
→ H2(E,Z)
p!→ H1(Z,Z)→ · · ·
Since H1(W,Z) = 0, p∗, q∗ are surjective by the Gysin sequence. Sup-
pose b = p∗(a) and b# = q∗(a#) for a, a# ∈ H2(W,Z).
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The kernel of p∗ is the subgroup19 〈[p]〉. Similarly, the kernel of
q∗ is the subgroup 〈[q]〉. Let G = 〈[p], [q]〉 = 〈p!(H), q!(H
#)〉. Since
H1(W,Z) = 0, p∗, q∗ are surjective by the Gysin sequence. Note that
p∗G ≃ 〈p∗p!(H)〉 and q
∗G ≃ 〈q∗q!(H
#)〉. Thus, we have isomorphisms
H2(W,Z)/G ≃ H2(E,Z)/〈p∗p!(H)〉 ≃ H
2(E#,Z)/〈q∗q!(H
#)〉. 
The cosets corresponding to b and b# may be written as (l, m ∈ Z)
{b+ lp∗p!(H)} and {b
# +mq∗q!(H
#)}.
We conjecture that each coset is precisely the collection of b-fields
with the same T-dual (even when X is not simply connected). As
support for this, note the following: Suppose E# = W × S1, with k
units ofH-flux. Let q = π : W×S1 →W be the projection map. Then,
if H1(W,Z) 6= 0, the above theorem would not be expected to hold:
For one thing, im(π∗) would not be all of H2(W × S1,Z). It is strange
then, that H2(E,Z)/〈p∗p!(H)〉 is isomorphic to H
2(E#,Z)/〈q∗q!(H
#)〉
in all the following cases in many of which H1(W,Z) 6= 0 (I use Ref.
[4] for the examples):
(1) W = T 2 : For E# = W × S1, H0(E#,Z) = Z, H1 = Z3, H2 =
Z3, H3 = Z. The H-flux is a class [p]× z ∈ H2(T 2)⊗H1(S1) ≃
H3(T 2 × S1) ≃ Z. The T-dual is the nilmanifold p : N → T 2
whose cohomology is H0 = Z, H1 = Z2, H2 = Z2⊕Zp, H
3 = Z.
It is clear that Z3/pZ ≃ Z2 ⊕ Zp.
(2) W = M, an orientable surface of genus g > 1 : The cohomology
of W × S1 is H0 = Z, H1 = Z2g+1, H2 = Z2g+1, H3 = Z. The
H-flux is a class j × z ∈ H3 ≃ H2(M) ⊗ H1(S1) ≃ Z. The
T-dual is a bundle j : E → M with H0 = Z, H1 = Z2g, H2 =
Z2g ⊕ Zj , H
3 = Z. Here, Z2g+1/jZ ≃ Z2g ⊕ Zj .
(3) W = RP2 : The cohomology ofW×S1 isH0 = Z, H1 = Z, H2 =
Z2 ≃ H
2(W )⊗H0(S1), H3 ≃ H2(W )⊗H1(S1) ≃ Z2. The H-
flux is the class 1 × z ∈ H2(W ) ⊗ H1(S1). The T-dual is a
bundle k : E → RP2 with H0 = Z, H1 = Z, H2 = 0, H3 = Z2.
Once again, Z2/1Z2 ≃ 0.
(4) W = RP3 : The cohomology ofW×S1 isH0 = Z, H1 = Z, H2 =
Z2, H
3 = Z ⊕ Z2, H
4 = Z. Then, H3 ≃ H2(W ) ⊗ H1(S1) ⊕
H3(W )⊗H0(S1). The H-flux is 1× z+k×1. Now, π∗π!(H) =
1 × 1. The T-dual is q : S1 × S3 → RP3 with cohomology
H0 = Z, H1 = Z, H3 = Z, H4 = Z. The T-dual has no B-class
and H-flux k ∈ Z.
19〈a1, a2, · · · , an〉 denotes the subgroup generated by a1, a2, · · · , an. The ambient
group is understood from context.
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(5) W = RP2m(m > 1) : The cohomology ofW×S1 isH0 = Z, H1 =
Z, Hq = Z2, q = 2, · · · , m − 1, H
2m = Z, H2m+1 = Z2. The H-
flux is the class 1 × z ∈ H2(RP2m) ⊗ H1(S1). The T-dual
is a bundle q : E → RP2m with cohomology H0 = Z, H1 =
Z, H2m+1 = Z2. Here, Z2/1Z2 ≃ 0.
(6) W = RP2m+1(m > 1) : The cohomology of W × S1 is H0 =
Z, H1 = Z, Hq = Z2, q = 2, · · · , m−1, H
2m+1 = Z⊕Z2, H
2m+2 =
Z. Note H3 = Z2; we have that H
3 ≃ H2(RP2m+1) ⊗H1(S1).
The H-flux is the class 1 × z ∈ H3 ≃ Z2. The T-dual is a
principal bundle q : S1 × S2m+1 → RP2m+1 with cohomology
H0 = Z, H1 = Z, H2m+1 = Z, H2m+2 = Z. The T-dual has no
second cohomology as expected.
(7) W = CP2 : The cohomology ofW×S1 isH0 = Z, H1 = Z, H2 =
Z, H3 = Z, H4 = Z, H5 = Z. We have H3 ≃ H2(W ) ⊕
H1(S1) ≃ Z. The H-flux is the class j × z ∈ H3. The T-dual
is the Lens space L(2, j) → CP2 if j 6= 0. It has cohomology
H0 = Z, H2 = Zj , H
4 = Zj , H
5 = Z. Once again, Z/jZ ≃ Zj .
5. Properties of R3,2
We noted in Sec. (1) that from an element of S we may obtain a
triple over W consisting of a principal S1-bundle p : E → W a class
b ∈ H2(E,Z) and a class H ∈ H3(E,Z). As in Sec. (3), the map
W → (Triples over W ) is a set-valued functor on the category of
unbased CW complexes. It has a classifying space denoted R3,2. We
have natural fibrations q2 : R3,2 → R2 and q3 : R3,2 → R3. We will
show below that this classifying space has a canonical bundle over it
which classifies triples.
We noted above thatR3,2 is a fiber product R2 ×
K(Z,2)
R3. As in Sec. (3),
this classifying space is unbased. However, one may choose a basepoint
for it as in that section. We pick basepoints ri ∈ Ri and a basepoint
r3,2 ∈ R3,2 such that q2(r3,2) = r2 and q3(r3,2) = r3. (That is, the qi
may be taken to be based maps.)
Theorem 5.1. (1) The homotopy groups of R3,2 are
• π1(R3,2) ≃ Z,
• π2(R3,2) ≃ Z
3,
• π3(R3,2) ≃ Z,
• πi(R3,2) ≃ 0, i > 3.
(2) R3,2 is not simple
Proof. Given an unbased map f : W → R3,2, classifying a triple
([p], b, H) overW, we pick a basepoint x0 forW.We use the argument of
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Lemma (3.3), to homotope f to a based map. Note that q3 ◦f is a pair
over W, the pair ([p], H). If q3 ◦f is nullhomotopic, then [p] = 0, H = 0
and hence b defines classes in H2(W ×S1,Z) and H1(W ×S1,Z). That
is, we obtain a based map W → K(Z, 2) × K(Z, 1) and hence the
homotopy fiber of q3 is K(Z, 2) × K(Z, 1). Similarly we see that the
homotopy fiber of q2 is K(Z, 3)×K(Z, 2).
(1) We know that R3,2 may be taken to be a based fibration of the
form
K(Z, 2)×K(Z, 1)→ R3,2 → R3
and also a based fibration of the form
K(Z, 3)×K(Z, 2)→ R3,2 → R2.
This gives two long exact sequences for the homotopy groups
of R3,2 : 0 → π3 → Z → Z → π2 → Z
2 → Z → π1 → 0 and
0→ Z→ π3 → 0→ Z→ π2 → Z
2 → 0→ π1 → Z. From these
sequences it is clear that πi(R3,2) ≃ 0 if i > 3. Further, from
the second sequence π3 ≃ Z, and π2 ≃ Z
3. Then it follows that
π1 ≃ Z.
(2) From the long exact sequence of the fibration over R2, we have
a π1(R2) equivariant sequence 0 → π2(K(Z, 3) × K(Z, 2)) →
π2 → Z
2 → 0 → π1 → Z. From this, it is clear that the
generator of π1(R3,2) maps isomorphically to the generator of
π1(R2). In addition, this generator acts on the degree two part
of the sequence. Since K(Z, 3) × K(Z, 2) is simply connected
and since every action of π1 factors through the action of the
fundamental group, the generator of π1(R3,2) acts trivially on
π2(K(Z, 3) × K(Z, 2)). In the above sequence, this generator
acts nontrivially on π2(R2) ≃ Z
2 and hence must act nontriv-
ially on π2(R3,2) since the sequence is π1-equivariant. Hence
R3,2 is not simple.

We determine the action of π1(R3,2) on π2(R3,2) below (see Eq. (12)
below and surrounding text).
The T-duality map should be a map T3,2 : R3,2 → R3,2. It might
be hoped that this map is a fiber product of two maps R3 → R3 and
R2 → R2. Unfortunately, T3,2 cannot be of this form: Note that under
T-duality a pair ([p], b) maps into a triple (0, b#, [p]× z). To determine
T, we first need to study the structure of R3,2. Since R3,2 is a fibration
over R2, and R2 is a mapping torus (see previous section), it might be
hoped that R3,2 is also a mapping torus. This is indeed the case.
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Lemma 5.1. The universal cover R˜3,2 of R3,2 is homotopy equivalent
to R3 × K(Z, 2). Hence R3,2 is a mapping torus of a map ψ : R3 ×
K(Z, 2)→ R3 ×K(Z, 2).
Proof. Let p : R˜3,2 → R3,2 be the covering projection. Pick r˜3,2 ∈ R˜3,2
such that p(r˜3,2) = r3,2. Consider the map φ∗ : π2(R˜3,2) → π2(R3)
given by φ∗ = q2∗ ◦ p∗. π2(R˜3,2) →
p∗
π2(R3,2) →
q3∗
π2(R3). Note that p∗ is
an isomorphism by definition. I claim φ is onto: We have a fibration
K(Z, 2)×K(Z, 1)→ R3,2
q3
→ R3. The long exact sequence of homotopy
groups associated to this fibration is
(11)
0 −−−→ Z
λ
−−−→ Z
µ
−−−→ Z
κ
−−−→ Z3
φ
−−−→ Z2 −−−→ Z −−−→ Z −−−→ 0.
Note that all the groups in the sequence are torsion-free. Here, λ is an
injective map Z → Z and hence λ is an isomorphism and ker(µ) ≃ Z.
Hence by exactness and the absence of torsion µ = 0, κ is injective and
φ onto.
Consider the map φ = q3 ◦ p : R˜3,2 → R3. By the arguments in
Lemma (3.3) we may take it to be based. Let W be its homotopy
fiber. Then the l.e.s. of the fibration W → R˜3,2 → R3 is
0 −−−→ π3(W )
α
−−−→ Z
β
−−−→ Z
γ
−−−→ π2(W )
µ
−−−→ Z3
κ
−−−→ Z2
ν
−−−→ π1(W ) −−−→ 0 −−−→ 0.
We know κ is onto and hence ν = 0 and π1(W ) = 0. Since κ is onto,
ker(κ) ≃ Z, and hence, im(µ) ≃ Z.
Now, consider the map φ∗ : π3(R˜3,2)→ π3(R3) given by φ∗ = q3∗ ◦ p∗
in degree 3. Note that p∗ is an isomorphism by definition. By the l.e.s.
Eq. (11), β = λ ◦ p∗. By the argument given above both λ and p∗ are
isomorphisms, and so is β. Hence, im(α) = 0 and π3(W ) ≃ 0.
Also ker(γ) ≃ Z and so γ = 0. Hence π2(W ) ≃ Z by counting ranks.
Its clear that πi(W ) ≃ 0 if i > 3. Therefore, W is homotopy equivalent
to K(Z, 2).
Now, W → R˜3,2 → R3 is a based fibration with W ∼ K(Z, 2). Also,
R3,2 and R3 are spaces of finite type since their fundamental groups
are finitely generated (by Ref. [24]) and the action of π1(R3) on W is
zero since π1(R3) ≃ 0. By Lemma 8
bis.28 of Ref. [25], this implies that
the fibration is principal. Hence, R˜3,2 ≃ K(Z, 2)× R3 because by Ref.
[2] H3(R3,Z) = 0 and so the classifying map R3 → K(Z, 3) is always
trivial.
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Since R3 ×K(Z, 2) is homotopy equivalent to the universal cover of
R3,2, we have a commutative diagram of spaces
R3 ×K(Z, 2)
q˜2
−−−→ K(Z, 2)×K(Z, 2)
p3,2
y p2y
R3,2
q2
−−−→ R2 −−−→ K(Z, 1).
which gives a diagram of homotopy groups and maps equivariant under
the action of π1(K(Z, 1)) ≃ Z. It is clear that since R2 is the mapping
torus of K(Z2, 2) under the lift of this action, R3,2 is the mapping torus
of R3 ×K(Z, 2) under the lift of this action (by the commutativity of
the diagram). The generator of this action acts on R3×K(Z, 2) as the
generator ψ of the deck transformation group. 
It is interesting to note that we have a sequence of mapping tori
R3,2 → R2 → K(Z, 1)
such that there are isomorphisms π1(R3,2) ≃ π1(R2) ≃ π1(K(Z, 1)) and
π1(K(Z, 1)) acts on the homotopy groups of each of these spaces.
Note that R˜2 is a trivial K(Z, 2) fibration over K(Z, 2) (since R2 is).
Also, R˜3 ≃ R3 is a fibration over K(Z, 2) as well (since R3 is). It then
follows from the definition that R˜3,2 is the fiber product of R˜3 and R˜2
over K(Z, 2).
We have a commutative diagram
R3 ×K(Z, 2)
q˜2
−−−→ K(Z, 2)×K(Z, 2)
p3,2
y p2y
R3,2
q2
−−−→ R2.
We note that π2(R3,2) ≃ π2(R˜3,2).We choose generators for π2(R˜3,2) ≃
Z3 such that the projection (a, b, c) 7→ c is induced by the map R3 ×
K(Z, 2)→ K(Z, 2). Also the projection (a, b, c) 7→ (a, b) is induced by
the map R3×K(Z, 2)→ R3.With these choices of generators, the map
q˜2 is given by (a, b, c) 7→ (a, c).
In Sec. (3) we had noted that the deck group of R˜2 acts on pairs by
multiplication by a matrix of the form(
1 1
0 1
)
.
The map q˜∗2 on π2 must be equivariant under the action of the deck
group since q∗2 is equivariant under the action of π1 and the maps p
∗
3,2
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and p∗2 are isomorphisms on π2. This implies that the deck group acts
on π2(R˜3,2) by multiplication by the matrix
(12)

 1 0 10 1 0
0 0 1

 .
Using the isomorphisms p∗3,2 and p
∗
2 above, this is also the action of
π1(R3,2) on π2(R3,2). We may also determine the deck transformation
explicitly as follows:
Lemma 5.2. The deck transformation ψ : R˜3,2 → R˜3,2 has the form
ψ = π1 × f where π1 : R3 × K(Z, 2) → R3 is the projection onto the
first factor and f : R3 ×K(Z, 2)→ K(Z, 2) is determined below.
Proof. Consider a triple over a simply connected space W. This de-
termines a classifying map f : W → R3,2. Using the argument of
Lemma (3.3) we may take it to be based. Since W is simply con-
nected, this map lifts to R˜3,2. This implies that a triple (p, b,H) over
W is determined by a pair ([p], H), p : E → W, and a class b in
H2(W,Z). From the Gysin sequence, since H1(W,Z) ≃ 0 we see that
Z ≃ H0(W,Z)
∪p
→ H2(W,Z) → H2(E,Z) → 0 is exact. Thus, every
class in H2(E,Z) is the image of some class in H2(W,Z) from the Gysin
sequence. This is the class b above. Further two such classes differ by
an integral multiple of p.
It is also clear that if ψ : R˜3,2 → R˜3,2 is a deck transformation, then,
since p3,2 ◦ψ = ψ, ψ ◦ f represents the same triple over W. Thus, ψ ◦ f
is also representable as ((p,H), b′) for some b′. If f˜ is the lift of a map
f : W → R3,2 representing a triple (p, b,H) to R˜3,2 then it is clear
that all possible lifts may be represented as ((p,H), y + mp), m ∈ Z
where y ∈ H2(W,Z) and p∗(y) = b. By the above, the action of the
deck transformation is to shift ((p,H), y) to ((p,H), y + mp). Thus,
ψ = π1 × f where f : R3 × K(Z, 2) → K(Z, 2) is the map defined
by ((p,H), y) → y +mp,m ∈ Z, and π1 : R3 ×K(Z, 2) → R3 be the
projection onto the first factor. 
It is clear that the map f above defines a class inH2(R3×K(Z, 2),Z).
As an illustration of this, consider all triples over S2. For any prin-
cipal circle bundle Ep → S
2, we have that H3(Ep,Z) ≃ Z. Hence, for
each pair ([p], b), the H-flux can have countably many values.
Lemma 5.3. The set of unbased homotopy classes of maps S2 → R3×
K(Z, 2) modulo the action of the the deck transformation group on R˜3,2
is exactly the set of triples over S2.
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Proof. Clearly, the set of unbased homotopy classes of maps S2 → R3×
K(Z, 2) may be made based since both R3 and K(Z, 2) are connected
and simply connected: This set is exactly π2(R3 ×K(Z, 2)).
Hence, this set modulo the action of the the deck transformation
group on R˜3,2 is the same as π2(R˜3,2) modulo the action of π1(R˜3,2). By
Thm. (5.1), this is the quotient of Z3 under the action of the matrix
 1 1 00 1 0
0 0 1

 .
From the previous section (in particular the discussion before and
after Thm. (3.9)) we know that the quotient of Z2 by the matrix(
1 1
0 1
)
is exactly the collection of pairs over S2. The action on Z3 leaves the
last coordinate fixed. Hence, for each isomorphism class of pairs ([p], b)
over S2, we obtain a countable number of triples as required. 
Note that at least for S2, the only action of the deck group is to shift
a pair ([p], H) to an equivalent pair.
6. The T-duality Mapping
We note that the maps q2 : R3,2 → R2 and q3 : R3,2 → R3 have
natural sections. Thus these maps are injective on cohomology. In
particular (from the Theorem below) H2(R3,2,Z) ≃ Z
2 ≃ H2(R3,Z) ≃
Za1 ⊕ Za2. Similarly, H
2(R2,Z) →֒ H
2(R3,2,Z). The latter map may
be taken as the inclusion Z →֒ Z ⊕ Z into the first factor. Thus we
may write a1 = q
∗
2(b). Further, from the Theorem below, we see that
H1(R3,2,Z) ≃ Zl. Therefore l = q
∗
2(a) and so a1 · l = 0 since b · a = 0
in H∗(R2,Z) (see Eq. (9)).
In addition since R3,2 → R3 is fiber-preserving over K(Z, 2), and
the natural map R3,2 → K(Z, 2) has sections, we see that Z[c] ≃
H∗(K(Z, 2),Z) →֒ H∗(R3,2,Z).
Theorem 6.1. The cohomology groups of R3,2 are
• H0(R3,2,Z) ≃ Z,
• H1(R3,2,Z) ≃ Zl,
• H2(R3,2,Z) ≃ Za1 ⊕ Za2,
• H3(R3,2,Z) ≃ Za2l,
• H4(R3,2,Z) ≃ Za
2
1 ⊕ Za
2
2 ⊕ Zx
where a1 · a2 = 0 and a1 · l = 0. Also, a1 = q
∗
2(b).
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Proof. R3,2 is connected, being a fiber product of two connected spaces
over a connected space. Hence H0(R3,2,Z) ≃ Z. We know that the
universal cover of R3,2 is R3×K(Z, 2) with deck transformation group
Z. Note that by the Hurewicz theorem, H2(R˜3,2,Z) ≃ π2(R˜3,2). Fur-
ther, since R˜3,2 is the universal cover, π2(R˜3,2) ≃ π2(R3,2) ≃ Z
3. We
calculated the action of π1(R3,2) on π2(R3,2) above. Using this we see
that the action of π1(R3,2) on H
2(R˜3,2,Z) is multiplication by the same
matrix. The cohomology ring of R˜3,2 is given by
• H0(R˜3,2,Z) ≃ Z,
• H1(R˜3,2,Z) ≃ 0,
• H2(R˜3,2,Z) ≃ (Za1 ⊕ Za2)⊕ Zc,
• H3(R˜3,2,Z) ≃ 0,
• H4(R˜3,2,Z) ≃ Za
2
1 ⊕ Za
2
2 ⊕Za1c⊕ Za2c⊕ Zc
2,
The action of the deck group on H2 may be used to calculated the
action of the deck group on H4. This is multiplication by the matrix
(in the basis (a21, a
2
2, a1c, a2c, c
2))
φ =


1 0 2 0 1
0 1 0 0 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

 .
We apply the Cartan-Leray spectral sequence to this universal cover to
compute the cohomology groups of R3,2. Since Z is cohomologically one
dimensional, the sequence collapses at the E2 page itself. In particular
only Eq,12 and E
q,2
2 are nonzero. We find that H
0(Z, Hq(R˜3,2,Z)) ≃
Hq(R˜3,2,Z)
Z and H1(Z, Hq(R˜3,2,Z)) ≃ H
q(R˜3,2,Z)/(φ−1)H
q(R˜3,2,Z).
Using this action we obtain the cohomology groups shown.
Here ai are the pullbacks of the generator ofH
2(R3,Z) and so a1·a2 =
0. In addition l is the pullback of the generator a of H1(R2,Z) via q
∗
2.
Also, a1 = q
∗
2(b) and so
20 a1 · l = q
∗
2(b ·a) = 0. Also, x is a new generator
in degree 3. 
Let p3 : E3 → R3 be the classifying bundle E of Ref. [2] Sec. (2.4).
By Sec. (3), there is a classifying bundle p2 : E2 → R2. By the iso-
morphisms on H2 discussed above, it is clear that q∗2E2 ≃ q
∗
3E3 and
we denote this bundle by E3,2. This bundle has characteristic class
a1 ∈ H
2(R3,2,Z). Let p : E3,2 → R3,2 be the bundle map.
Theorem 6.2. The cohomology groups of E3,2 are
20See Eq. (9).
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• H0(E3,2,Z) ≃ Z,
• H1(E3,2,Z) ≃ Zy,
• H2(E3,2,Z) ≃ Zp
∗(a2)⊕ Zb,
• H3(E3,2,Z) ≃ Zp
∗(a2l)⊕ Zh.
Here y = p∗(l) so p!(y) = 0, p!(b) = l and p!(h) = a2.
Proof. Consider the Gysin sequences associated to E3,2, E3 and E2. By
naturality, there are morphisms from the sequences associated to E3
and E2 to the sequence associated to E3,2 induced by the maps q2, q3.
Further, the maps qi have natural sections and hence q
∗
i are injective
on cohomology.
• Degree 0 E3,2 is a fibration of a connected space (S
1) over a
connected base (R3,2). Hence it is connected and H
0(E3,2,Z) ≃
Z.
• Degree 1 From the Serre spectral sequence, we find thatH1(E3,2,Z) ≃
Zy. From the Gysin sequence for p : E3,2 → R3,2 we have
Zl
p∗
→ Zy
p!→ Z.
Now, since p∗ is injective, by exactness, and the absence of
torsion y = p∗(l) and p!(y) = 0.
• Degree 2 From the Gysin sequence associated to p : E3,2 → R3,2
beginning at H0(R3,2,Z) we have
Z
φ1=∪a1
−−−−→ Za1 ⊕ Za2
p∗
−−−→ H2(E3,2,Z)
p!−−−→ Zl
∪a1−−−→ Za2l
From the previous part of the sequence φ1 is injective. There-
fore, by exactness H2(E3,2,Z) ≃ Zp
∗(a2) ⊕ Zb. Note that the
generator w of H2(E2,Z) pulls back to H
2(E3,2,Z) as a gener-
ator b. Then, we have p!(b) = l ∈ H
1(R3,2,Z). Under pullback
by a classifying map W → R3,2, b pulls back to the B-class of
the triple ([p], b, H) being classified.
• Degree 3
Consider the Gysin sequence for p : E3,2 → R3,2
Zl
∪a1−−−→ Za2l
p∗
−−−→ H3(E3,2,Z)
p!−−−→ Za1 ⊕ Za2
∪a1−−−→ Za21 ⊕ Za
2
2 ⊕ Zx.
We have that a1 · l = 0 (see Eq. (9)) hence p
∗ is injective,
also the last map has kernel Za2 ⊂ Za1 ⊕ Za2. By exactness,
H3(E3,2,Z) ≃ p
∗(a2l)⊕Zh. Note that H
3(E3,2,Z) contains a Z-
subgroup which is im(λ2) ≃ H
3(E3,Z) ≃ hZ such that p!(h) =
a2. This class pulls back along the classifying map W → R3,2
to the H-flux of the triple being classified.

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Thus over R3,2 we have the canonical triple ([p], b, h) corresponding
to the bundle E3,2 above.
Lemma 6.1. The pullback of the fibration q3 : R3,2 → R3 along the
T-duality map T3 : R3 → R3 is R3,2.
Proof. We have a commutative diagram
T ∗3,2R3,2
T3,2
−−−→ R3,2
q3
y q3y
R3
T3−−−→ R3
where we define T3,2 as the map on R3,2 induced by the pullback and,
by definition,
T ∗3,2R3,2 = {(x, y) ∈ R3 ×R3,2|T3(x) = q3(y)}.
Given f : W → T ∗3,2R3, f(w) = (f1(w), f2(w)) such that T3 ◦ f1 =
q3 ◦ f2, we get T3 ◦ f1 : W → R3 and q2 ◦ f2 :W → R2. Obviously these
maps define pairs ([p], b) and ([p], H) with the same [p]. Conversely,
given two such pairs, we obtain maps h1 :W → R3, h2 :W → R2, such
that µ◦h1 = µ◦h2 where µ : Ri → K(Z, 2) is the map sending a pair to
the class of the principal bundle in the pair. We define g1 = T
−1
3 ◦ h1 :
W → R3. By the universal property of the fiber product, there is a
map g2 : W → R3,2. Then q3 ◦ g2 = h1 = T3 ◦ g1 by definition. Hence,
(g1, g2) give a well-defined map W → T
∗
3,2R3,2. Therefore T
∗
3,2R3,2 also
classifies triples of the form ([p], b, H) since a 2-pair and a 3-pair with
the same [p] define and are defined by the same triple. Hence, by
uniqueness of the classifying space of triples, we get a homeomorphism
φ : T ∗3,2R3,2 → R3,2. 
Note that if X is a CW-complex, and f : X → R3,2 is a classifying
map which corresponds a triple (p, b,H) on X the pair associated to
this triple is (p,H). The triple associated to T3,2 ◦ f is (p
#, b#, H#)
and the associated pair is (p#, b#). Thus, we see that q2 ◦ T3,2 6= q2.
However, we always require q2 = q2 ◦ φ, i.e., we require that a1 = q
∗
2(b)
in H∗(R3,2,Z) and in H
∗(T ∗R3,2,Z) as well. In addition we require
that a1 · l = a1 · a2 = 0 with no such relation on a2 in both spaces.
Note that q3 ◦ T3,2 = T3 ◦ q3 and hence T
∗
3,2 acts on H
2(R3,2,Z) by
interchanging a1 and a2.
Lemma 6.2. Let Eˆ3,2 be the bundle over R3,2 of characteristic class
a2 ∈ H
2(R3,2,Z). The cohomology groups of Eˆ3,2 are
• H0(Eˆ3,2,Z) ≃ Z,
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• H1(Eˆ3,2,Z) ≃ Zyˆ,
• H2(Eˆ3,2,Z) ≃ Zp
∗(a1),
• H3(Eˆ3,2,Z) ≃ Zhˆ,
and pˆ!(yˆ) = 0, yˆ = pˆ
∗(l), pˆ!(hˆ) = a1.
Proof. The calculation forH0 andH1 is exactly the same as forH0(E3,2,Z)
and H1(E3,2,Z) with y replaced by yˆ.
• Degree 2 Consider the Gysin sequence for Eˆ3,2 beginning at
H0(R3,2,Z)
Z
φ1=∪a2
−−−−→ Za1 ⊕ Za2
pˆ∗
−−−→ H2(E3,2,Z)
pˆ!−−−→ Zl
∪a2−−−→ Za2l
The map φ1 is injective because of the previous part of the
sequence. The last map is injective and surjective since a2 ·l 6= 0
because we chose q2 = q2 ◦ φ above
21. Hence, by exactness, the
map pˆ! is zero and H
2(Eˆ3,2,Z) ≃ Zpˆ
∗(a1).
• Degree 3 Consider the Gysin sequence for Eˆ3,2 beginning at
H1(R3,2,Z)
Zl
φ1=∪a2
−−−−→ Za2l
pˆ∗
−−−→ H3(E3,2,Z)
pˆ!−−−→ Za1 ⊕ Za2
∪a2−−−→ Za21 ⊕ Za
2
2 ⊕ Zx
The map φ1 is an isomorphism and hence pˆ
∗ = 0. By exactness,
H3(Eˆ3,2,Z) ≃ Zhˆ and pˆ!(hˆ) = a1.

Theorem 6.3. (1) The bundle pˆ : Eˆ3,2 → R3,2 described above and
cohomology classes bˆ ∈ H2(Eˆ3,2,Z) and hˆ ∈ H
2(Eˆ3,2,Z) are
such that T3,2 classifies the triple ([pˆ], bˆ, hˆ) over R3,2.
(2) Let T˜ : Eˆ3,2 → E3,2 be the map covering T3,2 : R3,2 → R3,2, then
T˜ acts on the generators of the low-dimensional cohomology of
H∗(E3,2,Z) as follows
• T˜ ∗(y) = 0
• T˜ ∗(p∗(a2)) = pˆ
∗(a1)
• T˜ ∗(p∗(a2l)) = 0
• T˜ ∗(h) = hˆ
• The T-dual of b is of the form kp∗(a1) for some k. Hence,
the T-dual of a triple (p, b,H) is a triple of the form (pˆ, p∗(y), Hˆ).
(3) T 23,2 cannot be homotopic to the identity, i.e. T-duality for
triples is not involutive.
21See paragraph after the proof of the previous Lemma.
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Proof. (1) We consider the triple ([pˆ], bˆ, hˆ) over R3,2. This triple is
classified by a map f : R3,2 → R3,2. Then f
∗(a1) = a2. It is
clear that f ∗E3,2 = Eˆ3,2. In addition if we forget the B-class,
the action of f on the pair ([p], h) is to transform it into ([pˆ], hˆ).
This implies that q3 ◦ f = T3 ◦ q3. Hence f is the homotopic to
T3,2 by the uniqueness of the pullback square described in Thm.
(6.1).
(2) Now, in the above two sequences, T ∗3,2 induces a natural map
(a1, a2)→ (a2, a1) on H
2(R3,2,Z), further the induced maps on
the remaining cohomology groups except H2(E3,2,Z) are the
identity.
We have that pˆ∗ ◦ T ∗3,2 = T˜
∗ ◦ p∗. As a result, T˜ (p∗(a2)) =
pˆ∗(a1). Also, we have T
∗
3,2◦p! = pˆ!◦T˜
∗. Hence pˆ!◦T˜
∗(b) = T ∗3,2(l).
However, from the Gysin sequence for Eˆ3,2, we have
Zpˆ∗(a1)
pˆ!→ Zl
∪a2→ Za2l → Zhˆ.
Now the map H1(R3,2,Z)→ H
3(R3,2,Z) is an isomorphism and
hence pˆ! is zero. As a result, T
∗
3,2(l) = 0, and hence T˜
∗(y) = 0.
Consider the above pair of Gysin sequences beginning at
H3(R3,2,Z): We have for E3,2
Zl
∪a1→ Za2l
p∗
→ Zp∗(a2l)⊕ Zh
p!→ Za1 ⊕ Za2
∪a1→ Za21 ⊕ Za
2
2 ⊕ Zx
and for Eˆ3,2
Zl
∪a2→ Za2l
pˆ∗
→ Zhˆ
pˆ!→ Za1 ⊕ Za2
∪a2→ Za21 ⊕ Za
2
2 ⊕ Zx
From the above action of T ∗3,2 on H
2(R3,2,Z) it is clear that
T˜ ∗(h) = hˆ. Also, since p∗ is an isomorphism and pˆ∗ is zero, it is
clear that T˜ ∗(p∗(a2l)) = 0. From the above, we have
• T˜ ∗(y) = 0
• T˜ ∗(p∗(a2)) = pˆ
∗(a1)
• T˜ ∗(p∗(a2l)) = 0
• T˜ ∗(h) = hˆ.
• This is clear since, by the above, we know that pˆ!(T˜ (b)) =
0. The result for the form of the T-dual triple is obvious.
(3) From the above, it is clear that
• T ∗3,2(l) = 0
• T ∗3,2(a1, 0) = (0, a2) and T
∗
3,2(0, a2) = (a1, 0).
• T ∗3,2(a2l) = 0
Therefore T 23,2 cannot be homotopic to the identity.

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Theorem 6.4. (1) There is a natural map γ : R3 → R3,2 and
hence there is a natural triple associated to a pair (p,H) over
any space, namely the triple (p, p∗(p!H), H).
(2) The T-dual of the triple in the previous item is the triple (pˆ, pˆ∗(pˆ!Hˆ), Hˆ),
that is, T3,2 ◦ γ = γ ◦ T3.
(3) Each class α in H2(K(Z2, 2),Z) gives a map γα : R3 → R3,2.
Each of these maps is an inverse to the forgetful map R3,2 → R3
which ‘forgets’ the class b.
Proof. (1) Note that we have a natural mapR3 → K(Z, 2)×K(Z, 2)
which is given by sending (p,H) → (p, p!(H)). We have a nat-
ural identification (up to homotopy) of K(Z, 2)×K(Z, 2) with
R˜2 and, as a result, there is a natural map γ : R3 → R2. We
may naturally associate to any 3-pair (p,H) over a space X a 2-
pair (p, p∗p!H) over that space. Note that the map γ commutes
with the natural maps µ : R3 → K(Z, 2) and ν : R2 → K(Z, 2).
Hence, there is a natural lift η of γ to R3,2 given by η : R3 → R3,2
such that η(a) = (a, γ(a)) ∈ R3 × R2. This gives a natural
triple associated to any pair (p,H) : To (p,H) we associate
(p, p∗p!H,H).
(2) We know that under T-duality, the bundle E3 on R3 is mapped
to the bundle Eˆ3 on R3. If we examine the cohomology of these
bundles, we see that the T-dual of the triple (p, p∗p!h, h) should
be a triple of the form (q, k.q∗q!hˆ, hˆ), k ∈ Z. By the above the-
orem, the T-dual is exactly the triple (q, q∗q!hˆ, hˆ). This im-
plies that the map γ commutes with T3,2 and T3 : That is,
T3,2 ◦ γ = γ ◦ T3.
(3) Note that each map f : K(Z2, 2) → K(Z2, 2) up to homotopy
gives a lift of the form above, if the map is such that f(a, b) =
(a, α(a, b)). Thus, each element α in H2(K(Z2, 2),Z) gives such
a lift. It is clear that each of these lifts correspond to triples of
the form (p, k.p∗(a1), h), k ∈ Z on R3. Note that each of these
lifts is an inverse to the forgetful map R3,2 → R3 which ‘forgets’
the element b of a triple.

We may now prove the result we conjectured in Sec. (4):
Corollary 6.1. Let W be a CW-complex and p : E → W a principal
S1-bundle over W. Let b ∈ H2(E,Z) and H ∈ H3(E,Z) be the B-
class and H-flux on the bundle. Let ([q], b#, H#) be the T-dual triple.
Topological T-duality induces a bijection between the sets
{b+ lp∗p!(H)} and {b
# +mq∗q!(H
#)}.
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Proof. Consider the universal bundle E3,2 over R3,2 and the T-dual
bundle Eˆ3,2 over R3,2. The result is obvious for the universal bundle
since b# is always of the form k · q∗q!(H
#), k ∈ Z. By pullback, the
result is true for X. 
We now return to the question raised in the paragraph after Lemma
(1.1) in Sec. (1). By Lemma (1.1) and Sec. (2), for a given space X, at
fixed H this is equivalent to knowing the image of the map T3,2 studied
above. The above Corollary indicates that all automorphisms with
Phillips-Raeburn invariant in a given coset map into automorphisms
with Phillips-Raeburn invariant in another coset. This constrains the
map and determines it in a large variety of cases as was seen previously
in Sec. (4).
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